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Abstract. We construct smooth projective toroidal compactifications for the integral canon- 
ical models of Shimura varieties of Hodge type constructed by Kisin and Vasiu at primes 
where the level is hyperspecial. This construction is a consequence of the main result of the 
paper, which shows, without any unramificdness conditions on the Shimura datum, that the 
Zariski closure of a Shimura sub-variety of Hodge type in a Chai-Faltings compactification 
always intersects the boundary in a relative Cartier divisor. This result also provides a new 
proof of Y. Morita's conjecture on the everywhere good reduction of abelian varieties (over 
number fields) whose Mumford-Tate group is anisotropic modulo center. We also construct 
integral models of the minimal (Satakc-Baily-Borcl) compactification for Shimura varieties 
of Hodge type. 



Introduction 

Shimura varieties of Hodge type. This paper is concerned with constructing good compactifi- 
cations for integral canonical models of Shimura varieties of Hodge type at primes where the 
level is hyperspecial. Given a Shimura datum (G, X) equipped with an embedding (G, X) ^ 
(GS P (V r ,V),S ± ) into a Siegel Shimura datum, and a suitably small compact open K C G(A/), 
the Shimura variety Sh K (G,xf\ can be viewed as a parameter space for polarized abelian 
varieties equipped with level structures and additional Hodge tensors. 

If we are in the more familiar PEL setting, these additional Hodge tensors can be chosen 
to consist of endomorphisms and polarizations. One can then define representable PEL type 
moduli problems over the reflex field E = E(G, X), and even over a suitable localization of its 
ring of integers, which recover the moduli interpretation for Shx(G, X) over C, and are thus 
canonical models for Sh^-(G, X) over E or even its ring of integers; cf. |Del71] for the theory 
over E, and |Kot92] for the integral theory (when the level at p is hyperspecial) . The theory of 
|Del71j applies more generally to show that Shimura varieties of Hodge type admit canonical 
models over their reflex fields, and Milne has used Deligne's results on absolute Hodge cycles 
to give these canonical models a modular interpretation; cf. [Mil94 . 

Example. An important class of Shimura data of Hodge type arises from quadratic forms over 
Q of signature (n+,2— ). Suppose that we have a vector space U over Q equipped with such 
a quadratic form. Then the group G = GSpin([/) acts naturally on the Clifford algebra G 
attached to U. We can equip G with an appropriate symplectic form such that we have an 
embedding GSpin(C/) <-> GSp(G). Moreover, if we take X to be the space of negative definite 
oriented 2-planes in then (G,X) is a Shimura datum, and we in fact get an embedding 
(G, X) c — > (GSp(G), S ± ) of Shimura data. This is the Kuga-Satake construction; cf. |Del72j . 
It is important, for example, in the study of the moduli of K3 surfaces (when n = 19). Moreover, 
the Shimura varieties attached to the Spin group Shimura data play a significant role in S. 
Kudla's program (cf. Kud04 ) for relating intersection numbers on Shimura varieties with 
Fourier coefficients of Eisenstein series. (G, X) is not of PEL type if n > 5. 



^Unless otherwise specified, we will consider the Shimura variety as a scheme over its reflex field. 
2 We now know that every Shimura variety admits such a canonical model; cf. Mil90 . 
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Compactifications in the case of hyper special level. Unfortunately, since Hodge cycles are still 
transccndentally defined, there is no natural way to use them to obtain a modular interpretation 
over the ring of integers of E. So, to get a good integral model for Sh^(G, X), we have to resort 
to more ad hoc methods. Suppose that the level at p is hyperspecial, and that v\p is a place of 
E above p. Suppose also that p > 2. Then, in [KislOj . Kisin constructed^] the integral canonical 
model ,9 ? K{G,X)ff E for Shx(G, X) over the localization of &e at v. 

Since one of the main interests in having good integral models of Shimura varieties is to 
facilitate the computation of their zeta functions, and hence their cohomology, we are led 
to consider the question of their compactihcation. Over C, Mumford and his collaborators 
(cf. [AMRT10] ) constructed good, toroidal compactifications in the general setting of arithmetic 
quotients of hermitian symmetric domains. In |Har89j and |Pin90l these compactifications are 
constructed for Shimura varieties in their natural adelic setting. All these constructions depend 
on a choice of a certain cone decomposition S, called a smooth complete admissible rppcd 
(cf. (|4.2[) for the terminology). Given such a choice they produce a smooth compactification 
Sh|(G,X) of the Shimura variety Sh K (G,X). Our main result is the following theorem; 
cf. (|4.6.13j) for a more precise statement. 

Theorem 1. Suppose again that p > 2. There is a co- final collection of smooth complete 
admissible rppcds £ for (G, X, K) such that the integral canonical model 5^k '■= <^k(G, X)ff E , . 
admits a smooth toroidal compactification 5?^ that is a proper integral model of Sh^(G, X) . In 
particular, etale locally around any point, the embedding S^k C is isomorphic to a torus 
embedding T C T, and the boundary 5^^\S^k is a relative normal crossings divisor over &e,{v) 
that admits a stratification parameterized by a conical complex that can be described explicitly 
in terms of the Shimura datum (G, X, K) and the rppcd £ . 

The original construction of such integral toroidal compactifications is due to Chai and 
Faltings (TC90;) in the case of the Siegel Shimura datum. Their methods were amplified 
and extended to the case of Shimura varieties of PEL type by K.-W. Lan in j Lan08] (cf. 
also |Rap78| and |Lar92j ). Our method of proof takes as input the existence of the Chai-Faltings 
compactifications, as well as the compactifications in characteristic mentioned above. As such, 
it makes essential use of the compatibility between arithmetic and analytic compactifications 
proven in [LanlOaj . 

In [KislOj . Kisin also constructs integral canonical models for Shimura varieties of abelian 
type. It should be possible to extend his method to also construct compactifications for these 
models; for certain special cases, involving orthogonal Shimura varieties, cf. |MP12bj . 

The restriction p > 2 is entirely because of a similar restriction in [KislO ; cf. (|4.6.5p for a 
discussion of this. 

Transversality. A result along the lines of Theorem [TJ in the more general setting of Pink's 
mixed Shimura varieties, has been stated in [HorlCK This, however, is contingent on a crucial 
conjecture ( IHorlO[ 3.3.2]), which we prove along the way. In fact, it (or, rather, a strengthened 
form of it) is the key to the whole construction. Let us now describe it. We direct the reader 
to (|4.4.7|) for a more precise version of what follows. 

We now drop the condition that G is unramified at p, and also the condition p > 2. Suppose 
that we have an embedding (G,X) ^ (GSp(V), S ± {V)) into a Siegel Shimura datum. For any 
compact open K' C GSp(A/) with K' p hyperspecial, the integral model S^k' (GSp, S^) over 
Z( p ) admits a toroidal compactification J^, (GSp, S^) constructed by Chai-Faltings [FC90 , 
such that the boundary is a relative Cartier divisor over Z( p ) . 



■^We note that a construction due to Vasiu can be found in |Vas99l 
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Theorem 2. Suppose K' is such that, with K = G(A/) PI K' , the induced map of Shimura 
varieties 

Sh K {G,X) ->■ Sh K '(GSp,S ± ) £; 

is a closed embedding. Then the Zariski closure o/Sh^ (G,X) in 5^]^, (GSp, S )^> £ , , , intersects 
the boundary in a relative Cartier divisor over @e,{v)- 



Let us try to explain the main idea behind the proof. Denote the Zariski closure by k- 
The result is a local one and can be proven by considering the formal neighborhood of a closed 
point xq in .¥ k- For simplicity, we assume now that xo is a closed stratum in y^, (GSp, S ). 
In this situation, for any finite extension L/Q p , and any lift x £ SIik(G, X)(L) of Xq, the fiber 
A x of the universal abelian scheme will admit a rigid analytic uniformization T an /t(Y) ^> A^ n , 
where T an = Hom (X, ) is a split rigid analytic torus with character group X; Y is a free 
abelian group of 'periods' with rkY = rkX; and i : Y — > T an is a map of analytic groups. 

Set V x = Hj t (A x Q p ); then the uniformization endows V x with a three-step weight filtration 
W.V X with W V X = W{V X = Hom(Y, Z p ), and gr^ V x = X ® Z p . 

Let i? be the complete local ring of (GSp, S 1 *") at xo; it is a completed torus embedding 
over W for a split torus E, whose co-character group B is a lattice in B{Y <S> Q), the space of 
symmetric bi-linear pairings on Y(g>Q. Let U C GSp(V^) be the unipotent sub-group associated 
with the weight filtration W,V X ; then Lie U ®z p Q P is identified with B(Y ® Q p ) = B (8) Q p . 

Choose tensors {s a } C F® whose point- wise stabilizer is G. These give rise to Galois- 
invariant tensors {s a ,et,x} C V® . Let G x C GSp(V r a; ) be the point-wise stabilizer of the tensors 
{sQ,ct,:c}, and let Uq = U D G x . Let Rq be the quotient of R corresponding to the completed 
torus embedding for the sub-torus Eg C E with co-character group Bg = B P|(Lie Uq ® Qp). 
The theorem is proven in this case by showing that the geometrically irreducible component 
of an analytic neighborhood of x in 5? k can be identified with an appropriate translate of the 
analytification of Spf Rq- 

One non-obvious thing here is the fact that Rg has the right dimension. This is equivalent 
to showing that ® Q generates Lie Uq ® Qp as a Q p - vector space; but a priori it is not 
even clear that Bg is non-zero! Our approach to this problem is as follows: For any other lift 
x' G Shic(G,X)(L') of xo lying in the same irreducible component, the associated semi-stable 
abelian variety A x i comes equipped with a monodromy pairing N x i TxX^Q. We show that 
this pairing gives rise to an element in B<3 (B> Q. The key here is the existence of a global family 
of horizontal Hodge tensors over Sh^-(G, X) arising from {s a }, and the compatibility between 
N x i and the nilpotent operator TV on the weakly admissible (ip, iV)-module attached to the p- 
adic Galois representation 7J 1 (A x , j»,Q p ). As x' ranges over all lifts of Xo, a simple dimension 
counting argument shows that the monodromic elements N x i generate all of Lie Uq ® Q P - 

Chai-Faltings compactifications at places of bad reduction. The results above have the follow- 
ing application: Consider the moduli stack M 9iP (over Z) of g-dimensional abelian schemes 
equipped with a polarization of degree p 2 . Via Zarhin's trick, it admits a map into the moduli 
stack Ms 5 ,i of principally polarized 8<?-dimensional abelian schemes. Theorem [2] shows that the 
closure of the image of M S)P in any toroidal compactification of Mg 9 ,i intersects the boundary 
transversally. This allows us to prove: 



Theorem 3. The toroidal compactifications of Chai-Faltings- Lan [FC90,Lan08 of M 
can be extended over 1 o,nd these extensions have the expected properties. 



g-p 



We refer the reader to (|4.5. 13[) for details and precision. In fact, given PZ12] and work in 
progress due to Kisin-Pappas, we expect that the methods of this paper will apply to construct 
compactifications of most Shimura varieties of Hodge type at places where the level is parahoric. 
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We note that there is already a compactihcation over Z of M g p (and in fact of all mod- 
uli spaces M ff) d for arbitrary d) available via the work of Alexeev-Nakamura AN99 , Alex- 
eev |Ale02j and Olsson [Ols08j . It is canonical in a very precise sense and has a natural moduli 
interpretation. However, as observed in the introduction to Lan08j, since it is attached to a spe- 
cific cone decomposition, it seems ill-suited for the study of Hecke actions and other arithmetic 
information. 

Morita's conjecture. Theorem [2] also has the following pleasant consequence (cf. (|4.4.9p in the 
body of the paper): 

Theorem 4. Suppose that A is an abelian variety defined over a number field F, and suppose 
that its Mumford-Tate group is anisotropic modulo its center. Then, for every finite place v\p 
of F, A has potentially good reduction over F v . 

The hypothesis on the Mumford-Tate group ensures that A does not 'degenerate in character- 
istic 0'. The theorem says that this is enough to keep it from degenerating in finite characteristic 
as well. This result gives a different proof of Y. Morita's conjecture (see |Mor75j ). Related re- 
sults can be found in |Pau04j . [Vas08] and [LanlOcj . with a proof of the full conjecture appearing 
in |Lee l2 . The first two papers, as part of their hypotheses, impose certain local conditions on 
G. In [LanlOcj . Lan also proves the full conjecture as long as A appears in the family of abelian 
varieties over a compact Shimura variety of PEL type. Finally, Lee proves the full conjecture 
in [Leel2 using results of [Pau04 ( Vas08. . Our proof is independent of all these efforts, and 
applies uniformly without any consideration of special cases. 

The minimal compactiflcation. The toroidal compactifications of Mumford, et. al. are res- 
olutions of the minimal or Baily-Borel-Satake compactihcation, which is important from the 
automorphic perspective, since its L 2 or intersection cohomology is intimately related with 
the discrete automorphic spectrum of G; cf. [MorlO] . Using by now standard techniques 
(cf. |FC90| SV.2]. |Lan08l S7.2]. jCha90j ). we can construct the integral model for the mini- 
mal compactiflcation via the Proj construction applied to a certain graded ring of automorphic 
forms on This gives us the following theorem (cf. I4.8.11[) : 

Theorem 5. Suppose again that G is unramified at p with p > 2 and that K v is hyper special. 
Then the minimal compactiflcation of Shx(G, X) admits a proper, normal model J^jp 11 over 
&e,(v) that is stratified by quotients by finite groups of integral canonical models of Shimura 
varieties of Hodge type. Moreover, the Hecke action of G(A?) on ,5^k extends naturally to an 
action on oS^ lln . Given a complete admissible rpped E as in Theorem^ there exists a unique 
map : — > S^f^ ln that extends the identity on 5?k & n d * s compatible with the stratifications 
on domain and target. 

Tour of contents. We will now briefly describe the contents of the paper. 

In fj2j we review certain relevant results about log 1-motifs, their Dieudonne theory, and their 
connection to families of degenerating abelian varieties. Although the results of this paper could 
have been stated without reference to log 1-motifs for the most part, we believe that they are 
best phrased in this language. Moreover, log 1-motifs provide a more geometric interpretation 
of the weakly admissible (ip, iV)-module attached to the first p-adic cohomology group of a semi- 
stable abelian variety. They also allow us to give a new interpretation of the p-adic comparison 
and Hyodo-Kato isomorphisms for such an abelian variety, which is important when relating 
the Hyodo-Kato isomorphism to parallel transport between the de Rham cohomologies of the 
fibers of a semi-stable family of abelian varieties; cf. (|3.2.15[) . 

In we review the construction by Chai and Faltings ( [FC90) ) of formal local models at 
the boundary of a toroidal compactification of the moduli space of polarized abelian schemes. 
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Since we deal with level structures and not-necessarily-principal polarizations, we have elected 
to work in the more precise notation and setting of the work of K.-W. Lan ( |Lan08j ). We show 
that the completions of these local models at any point can be interpreted, in the logarithmic 
setting, as deformation rings for polarized log 1-motifs. We use this interpretation to write 
down explicit descriptions of these completions in terms of linear algebraic data, much as was 
done by Faltings in [Fal99 for deformation rings of p-divisible groups. After this, in (|3.3[) . we 
find the technical heart of the paper. The key result here is (13.3. 20[) . which essentially shows 
that the completion of (the normalization of) any Shimura variety of Hodge type at a point of 
the Chai-Faltings compactification must look like a completed torus embedding over a normal 
base. The proof is essentially the one sketched below Theorem [5J but is a bit more technical, 
since it needs to take into account the general case where the abelian part of the reduction is 
non-trivial. 

§4] is where we have our payoff, and it forms the bulk of this paper. We review some results 
about Shimura varieties and Hodge cycles on abelian varieties, as well as the characteristic 
theory of toroidal compactifications, followed by the Chai-Faltings compactifications of the 
moduli of polarized abelian varieties. In (|4.4p . we present a proof of Theorem [2] and deduce 
from it Morita's conjecture. Theorems [3] and [T] also follow easily. We finish in (I4.8[) with the 
construction of the minimal compactification. 

Acknowledgements. This article is partly based on work for my University of Chicago Ph. 
D. thesis [MSllj . completed under the guidance of my advisor, Mark Kisin. I am very grateful 
to him, for introducing me to this subject, and for his encouragement and insight. I also thank 
B. Conrad, K. Kato, R. Kottwitz, K.-W. Lan, S. Morel, G. Pappas, G. Prasad, J. Suh and B. 
Stroh for enlightening conversations and correspondence. This work was partially supported 
by NSF Postdoctoral Research Fellowship DMS-1204165. 

I. Conventions 

(1) All rings and monoids will be commutative, unless otherwise noted. 

(2) For any prime p, | • \ p will denote the standard p-adic norm with \p\ p = p . 

(3) If L is a discrete valuation field, then &l will denote its ring of integers and C &l 
its maximal ideal. 

(4) We will use the geometric notation for change of scalars. If / : R — > S is a map of rings 
and M is an i?-module, then we will denote the induced ^-module M <8>_r,/ S by f*M. 
If the map / is clear from context, then we will also write Ms for the same S-modulc. 

(5) If ip : R — > R is an endomorphism of R, then a (^-module over R is an i?-module M 
equipped with a map if* M — > M of i?-modules. 

(6) Suppose that R is a ring and suppose that C is an i?-linear tensor category that is a 
faithful tensor sub-category of Mod#, the category of i?-modules. Suppose in addition 
that C is closed under taking duals, symmetric and exterior powers in Mod^. Then, for 
any object D £ Obj(C), we will denote by D® the direct sum of the tensor, symmetric 
and exterior powers of D and its dual. 

(7) We will consistently identify the etale topoi of schemes with the same underlying re- 
duced scheme. In particular, if k is a field and B is a local Artin ring with residue field 
k, then we will, without comment, consider any etale sheaf over Spec k as a sheaf over 
SpecB. 
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2. Preliminaries 

2.1. Logarithmic preliminaries. We assume that the reader is familiar with the basics of 
log geometry. References include |Kat89j and |Niz08] . 

2.1.1. We recall that a log scheme is a pair (S, Ms) consisting of a scheme S and an etale 
sheaf of commutative monoids Ms over S equipped with a map of monoids a : Ms — > S such 
that a~ 1 (^) — > ffg is an isomorphism. If S = SpecA is affine, then, abusing terminology, 
we will refer to A as a log ring or log algebra. If P is an adjective applied to commutative 
monoids, we will say that (S, Ms) is P if, for all geometric points s — >• S, the monoid Ms,s / @Ss 
is P. Here is a list of such adjectives: 

• A monoid P is cancellative if the map into its group envelope P gp is injective. 

• It is fine if it is cancellative and finitely generated 

• It is saturated if it is cancellative, and if, for any a £ P sp , a n 6 P, for some n € Z>o 
if and only if a € P. 

• It is fs if it is fine and saturated. 

Definition 2.1.2. A map of monoids / : P — > Q is continuous if an element a 6 P is invertible 
if and only if f(a) is invertible in Q. 

A map / : (S, Ms) — > (T, Mt) of log schemes is continuous if, for every geometric point 
s — >• 5, the map Mtj(s) f(t) ~* ^s.s /&ss 1S continuous. 

If X is an object over (S, Ms) (for a suitable sense of 'over'), we will allow ourselves to 
slightly abuse terminology and to refer to X as an object over S. 
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2.1.3. Let (S, Ms) be an fs log scheme. We have the functor Gj^ s on fs log schemes over 
(5, M s ) given by 

G^ s : (T, M T ) —> r(T, MfF). 

For the Kummer log flat topology on the category of fs log schemes over (S, Ms) (this 
is a topology refining the fppf topology on S; cf. |Niz08| 2.13]), G|£ s is a sheaf of abelian 
groups [Mz08 ( 2.22]. Let S l ^ s (resp. S^) be the Kummer log flat (resp. the classical fppf) site 
over S. We have a natural morphism of sites e : S l ^ s — > S^. For any fppf sheaf H over S, we 
will denote its pull-back e*H over the Kummer log flat site also by H . 

The etale sheaf of abelian groups M| p extends to the fppf sheaf e*G^ s ; we will denote this 
extension also by M|P. We have a short exact sequence of fppf sheaves 

(2.1.3.1) l^^s ^M| p ^ (M| p /^s) 

For any n > 1, let fi n be the sheaf over of n th -roots of unity; then we have the Kummer 
short exact sequence of Kummer log flat sheaves: 

(2.1.3.2) 1 -> Mn -> G 1 ^ ^> Gj? -> 1. 

Proposition 2.1.4. 

fij For any sheaf of abelian groups G over Sg , i/iere exists a natural map 

i] G : hmHom(M„, G) ® (Mf p /^) -> fl x e*G. 

n 

^ Suppose that S is locally Noetherian. If G is representable and is either smooth or finite 

flat over S , then rjc is an isomorphism. 
(3) Suppose that S = Speci?, for a Noetherian local ring R. For any n £ Z>o, there is a 

natural short exact sequence 

Q-tH 1 (S c a \ fi n ) -> H 1 (S l ° e , fi n ) -> (Z/nZ) ® M -> 0, 

w/iere M = if (Sg 1 , Gj^/G m ) . 

Proof. Statements (fTJ) and ([2]) are from |Niz08[ Theorem 3.12] (the results are originally from 
the unpublished article [Rata] ) . 

For ([3]), we use the Leray spectral sequence for the functors e and H°(S^, __) to get an exact 
sequence: 

-> H^Si,^) -> ff 1 ^,/^) -> Jf°(5fl 1 , iJ 1 e*/x n ) = End S ci( M „) ® M. 

All it remains to do is to show that the map 

H 1 (Sq s , fin) -> End S ci (fi n ) ®M = (Z/nZ) ® M 

is surjective. Choose some element m in the right hand side, an element m £ M lifting m, and 
an element m £ H°(S^ S , Gj° s ) lifting it (we can always do this: use the exact sequence (|2.1.3.ip 
and the fact that H (Sfj , &g) = 0). The long exact sequence of cohomology associated with 
the Kummer sequence (|2.1.3.2|) gives us a boundary map 

d n :H°(S^,G^)^H l {S^,^). 

One can check that d n (fh) £ i/ 1 (S'J i og ,^ n ) maps onto m £ (Z/nZ) €5 M. □ 
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2.2. Log 1-motifs and log ^-crystals. In this sub-section, we will assume that the reader 
is familiar with the notion of a bi-extension; cf. }Del741 §10.2], [SGA7I1 §VII (2.1)] for details. 
For the theory of 1-motifs, cf. |Del741 §10] and [ABV05] : for that of log 1-motifs, cf. |KKN08bj 
and |KT03l §4.6]. 

For any pair (H, G) of sheaves of groups over a scheme S, we will denote by IhxG the trivial 
G m -bi-extension of H x G; similarly, will denote the trivial Gj^-bi-extension of H x G. 

Definition 2.2.1. A log 1-motif Q over an fs log scheme (S, Mg) is a tuple (B,Y,X, c, c v , r), 
where: 

• B is an abelian scheme over S, which we will denote Q ah . 

• Y_ and X_ are etale sheaves of free abelian groups of finite rank over S, trivialized over 
a finite etale cover of S. We will denote them as Q et and Q mult,c , respectively. 

• c : Y_ — > B and c v : X_ — > B v are maps of sheaves of groups over S. We will denote 
them by cq and Cq, respectively. 

• r : ly%x ( c x c^yP 1 ^ IS a trivialization of Gj£ g -bi-extensions of 7x1. We will 
denote it by tq. 

Here, Vb is the Poincare G m -bi-extension of B x B y , and Vg S is the associated Gj° s -bi- 
extension. 

A map (p : Qi -> Q 2 of log 1-motifs is a tuple (<^ ab , ip 6t , tp mn[i > c ), for ? = ab, et, (p ? : Q\ ->• Q' 2 
is a map of sheaves of groups over S and ^ mult .c . _^ gmult,C_ The tupk satisfies . 

c Q2f et — y abc Qu Cq x ( i 9 mult,c ' = (/3 ab ' v Cg 9 , and a certain compatibility between tq x and tq 2 , for 
which we direct the reader to |Del74i 10.2.12]. 

The dual Q v of a log 1-motif Q is the tuple ((Q ab ) V , Q mult ' c , Q 6t , c v , c, r v ), where t v is the 
trivialization of the Gj^ s -bi-extension (cq x cq)*!^ 1 ? 6 -, v induced from r via the symmetricity 

of the Poincare bi-extension. 

A polarization of a log 1-motif Q is a map A : Q — ^ Q v such that A ab : Q ab -> (Q ab ) V is a 
polarization, and such that A ct : Q ct — > Q mult c is injective. 

There is a canonical weight filtration W,Q of a log 1-motif Q with: 



WiQ 



0, if z < —2; 

(0,0,Q mult ' c , 0,0,1), iff = -2; 

(g ab ,0,Q mult ' c ,0,c^,l) , if *= -1; 

Q, if « = 0. 



A 1-motif Q is a log 1-motif (B,H, X, c, c v , r), where the trivialization t arises from a 
trivialization of the G m -bi-extension (c x c v )*Vb- 

Remark 2.2.2. If Q is a 1-motif, then we can think of it, as is done in |Del74l §10], as a two- 
term complex [Q ct Q sab ], where Q sab is the semi-abelian extension of Q ab classified by Cq. 
Something similar is true for log 1-motifs as well: we can think of a log 1-motif Q as a two 
term complex [Q ct — > Q sab > lo s] f Kummer log flat sheaves over (S, Ms), where Q sab > lo s i s a 
logarithmic enhancement of Q sab . This is the point of view taken in KKN08b ; cf. §2.1 of loc. 
cit. In the case where Q sab is a torus with character group X_, we set 



Q sab ' lo8 = Hom(X,G^ g ). 
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In the general case, we take Q sab ' lo s to be the push-out of the diagram 

gmult _^ gsab 



gmult, log 

Definition 2.2.3. Given a log 1-motif Q = (B,Y,X,c,c v ,r) over (S,M S ), the G l ^/<G m -bi- 
extension of Y_ x X_ induced from (c x c v )*7 3 _b is canonically trivialized, and so the trivialization 
t determines a pairing N T : Y_ x X_ — > G^ s /G m ,S- For any geometric point s —> S, the 
monodromy of Q at s, denoted N T jg is the induced pairing x X_ s — >• M| p -/^-. 

It is easy to see that a log 1-motif is a classical 1-motif precisely when N T ■g is trivial for all 
geometric points s — > S. 

Definition 2.2.4. Let Q be a log 1-motif over (S, Ms), thought of as a two-term complex 
[Q 6t -> Q sab < lo s] as in (12"X2]) . For any prime p, and any n 6 Z >0 , the ^"-torsion Q[p n ] of Q 

is the Kummer log flat sheaf of groups H- 1 (cone(Q ^Q)). 

The (log) p-divisible group Q[p°°] attached to Q is the Kummer log flat sheaf of groups 
Un Q[P n ]- When Q is a classical 1-motif, this is a p-divisible group over S in the classical sense. 

There is a perfect pairing Q[p°°] x Q y [p°°] — > [i v °° identifying Q^[p°°] with the Cartier dual 
of Q[p°°] defined precisely as in [Del74, 10.2.5]. 

Proposition 2.2.5. There is a contra- variant exact de Rham realization functor 

-ff^R : (l°g 1-motifs over S) (filtered locally free ^s-modulcs) 
satisfying the following properties: 

(1) For every log 1-motif Q, the ( descending) filtration Fil* (Q) is concentrated in degree 
1, with Fil 1 Hl K (Q) = Lie(Q sab ) V . 

(2) The restriction of to the category of 1-motifs is the (dual of the) classical de Rham 
realization functor defined in |Del741 §10]. 

(3) IfQ ah = 0, and Y = Q 6t , X = Q mult - C , then 

Hl K (Q) = Hom(r, S ) © X ® S ; Fil 1 H l m {Q) = X®ff S - 

(4) For every log 1-motif Q, there is a canonical perfect pairing X H^(Q V ) — > Gs 

(5) Suppose that we have a map f : (T, Mt) — > (S, Ms) of fs log schemes, whose underlying 
map of schemes is quasi- separated. For every log 1-motif Q over S, there is a natural 
isomorphism of &i -modules 

ruhsff) ^ H^rq). 

Proof. In |Del74j . the (co- variant) de Rham realization is defined as the Lie algebra of the 
universal vector extension E(Q) of the two-term complex attached to Q. For a general log 
1-motif Q, viewing Q/W-2Q and Q as two-term complexes, we set 

E(Q) = E{Q/W- 2 Q) x Q/w _ 2Q Q. 

Then #] R (Q) = (Lie£(Q)) v , and Fil 1 ff] R (Q) is the image of 0^ 8ab/s in H^ R (Q). That this 
agrees with the definition for 1-motifs follows from |ABV051 §2.4]. 

The asserted properties are now immediate from their validity in the case of 1-motifs, in- 
cluding flD, for which cf. |Del741 10.2.7]. □ 



10 



KEERTHI MADAPUSI PERA 



2.2.6. Fix a prime p. We will assume now that all our log schemes (S, Ms) satisfy one of the 
following conditions: 

• S = Spec R, for R a p-adically complete Z p -algebra; or 

• p is nilpotent in S. 

In this situation, one can define the log crystalline site ((S 1 , Ms)/Z p ) °f as in |Kat891 §5] 
and can therefore speak of log crystals (of locally free 0g ^-modules) over (S, Ms). Let 
<p be the absolute Frobenius on (S, Ms) <E> F p ; then we can also speak of log F-crystals 
over (S, Ms): these consist of a pair (M, </?m), where M is a log crystal over (S, Ms) and 
<Pm ■ ip*M. — > M is a map of log crystals. Here, for any logarithmic crystal M over <^s®f p /z , 
its Frobenius pull-back ip*M is the logarithmic crystal of <£?!j ^ ris -modules and its evaluation any 
object (U,Mu) ^ (T, My) that admits a Frobenius lift ip is simply given by p*(M((T,M T ))). 

Definition 2.2.7. A log Dieudonne F -crystal over S is a tuple (M, ipu, Vm, Fil 1 M(5)), 
where (M, ipja) is a log F-crystal over S, and: 

• Vm '■ M — > ip*~M is a map of logarithmic crystals such that tp M Vm = P- 

• Fil 1 M(5) C M(5) is a direct summand (called the Hodge filtration) such that 

^(Fil 1 M(5 )) = ker( mSo) : ip*M(S ) -> M(5 )). 

Here, Fil 1 M(S ) = Fil 1 M(5) ® Zp F p C M(Sb)- 
We will usually refer to such a tuple simply as the log Dieudonne F-crystal M. 

A log Dieudonne _F-crystal is a Dieudonne F-crystal if the underlying log F-crystal M 
arises from a classical -F-crystal over S. 

We will write 1 for the trivial crystal over S; this is naturally a Dieudonne -F-crystal when 
equipped with ip± = 1, and Vm — P, with Fil 1(5) set to the zero summand of 1(S) = S. The 
Tate twist 1(1) is the Dieudonne F-crystal whose underlying crystal is still the trivial crystal, 
but = p, V 1(1) - 1, and Fil 1 1(1) (S) = 1(1)(5) - S. 

For any log Dieudonne F-crystal (M, </?m, Vm, Fil 1 M(5)) over S, its Cartier dual is the log 
Dieudonne F-crystal determined by the tuple 

(M v , ^ M v , %v , Fil 1 M V (S)) = (M v , VZ, <f&, (M(5)/ Fil 1 M(5)) V ). 

There is a natural perfect pairing M x M v — > 1(1) of log Dieudonne F-crystals. 

Proposition 2.2.8. There is an exact contra-variant functor 

D : (log 1-motifs over S) — > (log Dieudonne F-crystals over S) 

with the following properties: 

(1) For every log 1-motif Q, there is a canonical identification of filtered 0s~modules 

(B(Q)(S), Fil 1 B(Q)(S)) = (FT^ R (Q), Fil 1 H^ R (Q)). 

(2) If Q is a classical 1-motif then we have a canonical identification of F-crystals D(Q) = 
®(Q[p°°]), where the right hand side is the classical Dieudonne crystal associated with 
the p- divisible group Q[p°°] [Mes72 . 

(3) For any log 1 - motif Q over S, there is a natural perfect pairing 

B(Q) xD(Q v ) ^ 1(1) 

identifying D(Q V ) with B(Q) V . 

(4) If we have a map f : (T, My) —¥ (S, Ms) of fs log schemes, such that the underlying map 
of schemes is quasi-separated; then, for any log 1-motif Q over T, there is a natural 
isomorphism 

w*Q) ^ rnQ)- 
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Proof. A proof of the proposition can be obtained from |MS11I §1.3], which in turn is based on 
[KT03, §4.7]. The construction proceeds by first considering the case where Q ab = 0, and then 
uses the fact that every log 1-motif can be built up via push-out and extensions from 1-motifs 
and log 1-motifs with trivial abelian part. □ 

Remark 2.2.9. By the exactness of B, we observe that B(Q) inherits a three-step weight filtration 
from the weight filtration on Q: 

= W-MQ) c WoO(Q) = B(Q 6t ) c WMQ) = ©(gr^ Q) c W 2 B(Q) = B(Q). 
2.3. Degenerating abelian varieties. 

Definition 2.3.1. A polarized log 1-motif over (S,Mg) is a tuple (Q, A), where Q is a log 
1-motif over (S, Ms) and A is a polarization of Q. 

We can also think of a polarized log 1-motif as an 8-tuple (B, Y_, X_, c, c v , A ab , A ct , r), where 
r is such that (1 x A ct )*r is a symmetric trivialization of the symmetric Gj^ g -bi-extension 
(c x c v X ct )*pB of Y x Y_. This gives us a tuple very much like the ones appearing in the 
category DD po i considered in [FC901 §111.2]. 

Definition 2.3.2. Let (Q, A) be a polarized log 1-motif corresponding to a tuple (B, Y, X_. c, c v , A ab , A 
We will say that (Q, A) is positively polarized if, for every geometric point s —> S, the pairing 

Y x Y Y x X -^H Mf-/0*- 

is positive definite. Here, we say that an element in M| p s / ffg - is positive if it lies in (Ms jS j 6^ 

A log 1-motif Q is positively polarizable if there exists a polarization A such that (Q, A) 
is positively polarized. 

2.3.3. Suppose now that S = Speci?, where R is a complete local normal Noetherian ring, 
and suppose that the log structure on S is defined by a divisor D C S. Let U C S be the 
complement of D. Let DEGpoi(S') be the category of positively polarized log 1-motifs (Q, A) 
over S. Let DD po i(5) be the category of pairs (A, A), where A is a semi-abelian scheme whose 
restriction A\u to U is an abelian scheme over U, and A is a polarization of A\jj- 

Theorem 2.3.4. With the hypotheses as above, there is a functorial (in S) exact equivalence 
of categories 

M pol , s : DD po i(S) ^ DEG pol (S). 

Moreover, suppose we have (Q,A) e DD pol (S*) with (A, A) = M po i >g ((Q, A)) in DEG po i(5). 
Then: 

(1) For every prime I, there is a canonical identification of I- divisible groups (AIj/)^ 00 ] — 
Q[t°°]\u 7 compatible with the Weil pairings induced by the polarizations. 

(2) There is a canonical identification H^ r (A\jj) — H^ R (Q)\u of filtered Gjj-modules, com- 
patible with the pairings induced by the polarizations. 

Proof. The construction/proof can be found in [FC901 Ch. Ill]; cf. also [Lan081 4.4.16]. Note 
that when R — 6k is the ring of integers of a p-adic field, and D = Spec k is its special point, 
then the result is due to Raynaud |Ray71| . (flj follows from |Lan08[ 4.5.3.10]. 

Let us show ([2]). First, suppose that the divisor D C S does not contain the reduced sub- 
scheme underlying the special fiber S ® F p . If (A, A) is a polarized abelian scheme over U 
corresponding to the polarized log 1-motif (Q,X r ) over S, then both H^ R (A) and H^IQ)^ 
can be naturally identified with the de Rham cohomology of the universal vector extension 
p-divisible group A[p°°] = (Qlc/)^ 00 ] over U. 

In general, after a finite etale base change if necessary, we can assume that (Q, A') corresponds 
to a tuple (B, A ab , F, X, A 6t , c, c v , r), where Y and X are constant. Using |Lan08| 6.4.1.1(6)], 
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one can now show that there exists a complete local ring B! at the boundary of a smooth toroidal 
compactification of an appropriate moduli space of polarized abelian varieties, equipped with 
a 'universal' tuple (B',X ah - , Y, X, A ot , c', c v ' ,r'), and a map R' —> R that gives rise to (Q,X') 
over S and the corresponding polarized abelian scheme (A, A) over U . Since R' is log formally 
smooth over Z p , the boundary divisor in Speci?' does not contain the special fiber of Speci?', 
and we conclude now from the previous paragraph. □ 

2.4. p-adic Hodge theory. 

2.4.1. Let K be a complete discrete valuation field of characteristic with perfect residue field 
k of characteristic p > 0. Let W = W(k) be the ring of Witt vectors with coefficients in k 
equipped with its Frobenius lift tpw, and let Kq = W[f> _1 ] C K be the maximal absolutely 

unramified sub-field. Fix an algebraic closure K for K, and let K be its completion. Let 
§?K = G&\{K / K) be the absolute Galois group of K . 

Fix a uniformizcr 7r € K; let E(u) £ W[u) be the associated monic Eisenstein polynomial, so 
that we can view &k as the quotient W[u]/(E(u)). Let S be the p-adic completion of the divided 
power envelope of the surjection W[u] — ¥ &k carrying u to 7T, and set Fil 1 S = ker(5 — > 6k)'- by 
construction Fil 1 S is equipped with divided powers compatible with those on pS. Concretely, 
we have (cf. [BreOOl 2.1.1]): 

S = iY, a i-Tsi e K oM : Oi £ W, lim a t = 0}. 
t— 1 q{i)\ i->oo 

For every i e Z> , let Fil 1 S = (Fil 1 S)® be the i th divided power of Fil 1 S. 

S is equipped with the log structure induced by the divisor u = 0, and the natural log 
structure on Gk is induced from this one via the surjection S —» &k- 

2.4.2. Consider the category of pairs (A, a) consisting of a p-adically complete W^-algebra A, 
and a surjection a : A -» G^. whose kernel is equipped with divided powers compatible with 
the canonical divided power structure on pR. By |Fon94al 2.2.1], this category has an initial 
object (A;ris ! #)- Put differently, for every n £ Z >0 , the PD thickening 



be the perfection of G-^jp: it consists of coherent sequences of p-power roots of elements of 
&g/p, and the elements of its underlying multiplicative monoid can also be interpreted as 
coherent sequences of p-power roots of elements of ff^. Let W(R) be the ring of Witt vectors 
with coefficients in R; there is a natural surjection 9 : W(R) ^> &^ and ^4 C ris is the p-adic 
completion of the divided power envelope of 9. Note that naturally acts on everything in 
sight. 

By construction, we have 



where & cy: \ s is the crystalline structure sheaf. In particular, ^4 cr i S is canonically endowed with a 
Frobenius lift if that commutes with the ^--action. 

Consider the TcichmuUcr lift [•] : R \ {0} — > A cr [ S \ {0}: it is a map of multiplicative 
monoids. We also have a natural injection Z p (l) ^ i? x , where we view an element e £ 
Z p (l) as a coherent sequence e £ R x of p-power roots of unity. Composing this with the 



Spf 9 n ■ Spf %/p ^ Spec A cris /p'' 

is the final object in the crystalline site /p)/(W/p n )) .. . 
Concretely, A cr - ls is constructed as follows. Let 

R = lim &jc/p 



ens — 
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Teichmiiller lift gives us an embedding Z p (l) =-> A* T1S . For any element [e] in its image, the 
series Ent - !)" ^' 1 ~ ~ 1)'™' converges to an element t(e) £ A ctis , and the assignment 

e i — ^ t(e) gives a Galois equivariant embedding t : Z p (l) ^ A cr i s . . 

2.4.3. Consider the category of pairs (B,f3), where B is a p-adically complete log S-algebra 
and (3 : B -» 6— is a formal log PD thickening. By |Lod071 Theorem 1.1], this category has 
an initial object (B^ g , /3\ og ). Here, G^- is viewed as the direct limit of the fs log S-algebras 
where L ranges over all finite extensions of K, and so inherits the direct limit log structure; 
this log structure is not fs, but it is saturated. 

This object can also be described explicitly. Let A st be the p-adic completion of the divided 
power algebra A cr i s (X) in one variable over A CT i s . For any choice 7r £ R of a coherent sequence 
of p-power roots of n, we can view A st as an S'-algebra via the map u i— > [7r](-^ + 1) • We can 
also endow it with the log structure associated with the pre-log structure 

(R \ {0}) © N -> Art 

(r^)^[r}([7 L }(X + l)- 1 )\ 

With this log structure, A st can in fact be viewed as a log S'-algebra. We now have a surjection 

Slog : A st -» % 
140 

of log S-algebras extending 9 : A crls — > G^,, and ker((9i og ) has a natural divided power structure 
that extends that on ker(#)A s t. 

Proposition 2.4.4. There is a canonical isomorphism 

(A st ,9 log ) -=> (B+ g ,f3 log ) 
of formal log PD thickenings of &^ over S . 

Proof. This is due to Kato; a proof can be found in |Lod071 Proposition 1.3]; cf. also |Bre97[ 
§2]. □ 

By construction and ([2.4.41) above, we have: 

A t =lmi/ (((^ /p )/(S/p™S)) logcris ,^ logcr A 

where j p ) / '(S '/ 'p n S)) ^ cj .. g is the log crystalline site for 6-j^/p over S/p n S, and ^logcris is 
its structure sheaf. In particular, At is endowed with a natural ^--action and a commuting 
Frobenius lift tp that is compatible with the corresponding structures on Aris- It is also endowed 
with a logarithmic connection At — > At <S>w[u] W[u] dlog(u), for which ip is parallel. Equiva- 
lently, it has an S-derivation J\f : At — > At lying over the derivation u-^ of S, and satisfying 
Af<p = p<pAf. For a concrete description of these structures, cf. [Brc-99] 2.2.2]; or (Bre971 §2]. 

2.4.5. Suppose that we have a log 1-motif Q over 6k- Associated with this is the Tate module 
T P (Q) = lim„ Q[p n ](K): this is a continuous ^--representation over Z p . Set 

M(Q) = ^mB(Q)(Spec(6 K / P 6 K ) =-> SpecS/p n S). 

n 

Ai(Q) is equipped with the structure of a ^-module over S 

VM(Q) ■ <p*M(Q)^M(Q), 
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and a topologically quasi-nilpotent integrable logarithmic connection V. This gives rise to the 
derivation M = V(— u4-) on A4(Q). Moreover, there is a canonical identification 

M(Q) ® s &K = Hl R (Q), 

This gives us the S'-sub-module Fil 1 M{Q) C M.{Q), defined to be the pre- image of the Hodge 
filtration in H\ R (Q): it satisfies Fil 1 S ■ M(Q) C Fil 1 M(Q), so that M(Q) has the structure 
of a filtered module over 5*. Equip A st with the divided power filtration. 

Proposition 2.4.6. There exists a natural ^K-eQuivariant map 

3Q : T p (Q) -> Hom s (M(Q),A 

St J 

This is an injection with finite cokernel in general and an isomorphism when p > 2. 
Proof. We can interpret T p (Q) as the group 

Hom((Q p /Z ?) )^,Q[p oc ]^). 
Moreover, we have a natural map 

T p (Q) -> Hom^pui (d(Q % ),B((Q p /Z p V_)\ 

Evaluating the crystals on the thickening A st -» ifc; gives us a natural map 

JQ ■ T P {Q) -> Hom Ast ^ PU i^fro(Q^)(A st ),A st ) = Hom s> p iKl i iA/ -(.M(Q),4>t). 

If Q is a classical 1-motif, it follows from |Fal991 Theorem 7] and its argument that jq is an 
injection with finite cokernel and that it is an isomorphism when p > 2. 

In general, the naturality of jq implies that it respects the weight filtration W,Q. Since the 
associated graded for the weight filtration is a classical 1-motif, we see that gr^ jq = j gr w q , 
and therefore jg itself must be an isomorphism. □ 

2.4.7. We can now define some Fontaine period rings. 

• ^cris = Aris[p~ ] : as observed before, it is endowed with a Frobenius lift tp and a 
^if-action. 

• £r}~ R is the (ker6*)-adic completion of B^ ris : it is a complete DVR with residue field 

K; £?dR = Fr(S ( j R ) is its fraction field. i?dR is filtered by the powers Fil' B^r of the 
maximal ideal Fil 1 B^, of B^ R . B^ ris K embeds naturally in B^ R and inherits its 
filtration. 

• B^ t is the image of .A st [p _1 ] m B^ R under the map of ^4 cr j s -algebras X H> (t|j — l). 
It is endowed with a Frobenius lift ip, a Sfjf-action and a i?^ is -derivation N satisfying 
Nip = pipN. Again, B^ ®k K embeds in B^ R and also inherits a filtration from it. 
Note that one can define B^ canonically as a i?^ is -algebra, without making the choice 
of uniformizer tt. The ^-equivariant embedding B^ ®k K c — > B^ R of B^ is -algebras, 
however, depends on such a choice; cf. |Fon94aj for more details. 

2.4.8. Let Q be a log 1-motif over let Qo be the log 1-motif over fc^ obtained by reducing 
Q along the surjection G K -» & N . Set 

Hl(Qx,Z P ) :=T p (Q) v . 

There is a canonical surjection Wjq — > fcpj with underlying map of rings W — > k that is 
obtained as follows: The Teichmiiller lift [•] : k — > W is a map of monoids and so we get a 

canonical map Mfc N — > k -^-»— > W . This is the pre-log structure to which the log structure 
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Mir, W is attached. So we obtain a canonical embedding Mfe N ■— > Mvy N with quotient 
1 + pVF. Now the natural inclusion 1 + pW Mw N gives us a splitting 

M ffH = (l+pT^)®M feH . 

This gives us the surjection M^, — > Mfc N underlying Wn — > %. Moreover, it also allows us 
to define a Frobenius lift on Wn that acts as the p-power map on Mfc„ and restricts to the 
canonical Frobenius lift on 1 + pW . Set 

M (Q) := B(Q )(Wn) = ^imD(Qo) (Spec k N <-> Spec(W/p n W>t). 

Note that there is a natural surjection S — > Wn that provides us with an identification of 
(^-modules 

M(Q) ® s W = Mo(Q). 
Let N : M (Q) -> M (Q) be the reduction of M. 

Lemma 2.4.9. There is a unique isomorphism 

(2.4.9.1) £ : (M (Q) ®w S)[p _1 ] ^> A4(Q)[p _1 ] 

preserving ip and N '. Here, we equip Mq(Q) ®\y S with the diagonal ip-module structure and 
the map N ® 1 + 1 ® JV. 

Proof. See |Bre97[ 6.2.1.1] for the construction of £; it is a divided power avatar of Dwork's 
trick. □ 

Theorem 2.4.10. Fia; a uniformizer tt 6 as above. Then there exist natural isomorphisms 

(2.4.10.1) /3q,h-k,tt : B(Qo)(W N ) ®w K ^ ff]R(Q) (Hyodo-Kato) 

(2.4.10.2) jSq^,, : Hl t (Q w ,Z p ) ® Zp fl+ A D(Q )(1F N ) ® w B+. (p-adic comparison) 
TTiey satisfy the following properties: 

(1) Equip H)(Qo)(Wf})®w K with the filtration induced from the Hodge filtration on H^(Q)k 
via the isomorphism /3q,h-K,7t- Then f3Q. s t,n is (ip, N^K)-£Quivariant 7 and also respects 
filtrations once we tensor with K . 

(2) If Q is a classical 1-motif both /3q h-k,7t an d Ag.st.w ore independent of n and agree 
with the classical comparison isomorphisms obtained from those for the p- divisible group 
Q[p°°] over ff K (cf. [Fal99l §6];. 

(3) Both (3q,h_-k,k and /3<g, s t,7r o,re compatible with polarization pairings. 

Proof. We will give a construction for the isomorphisms /3q,h-k.tt and ^Q >s t,ir- The enumerated 
properties will be clear from the construction, which is a direct extension of |Fal991 Theorem 

7]- 

We obtain (|2.4.10.1|) simply by reducing (|2.4.9.1|) from S to Gk- We also have: 



T P (Q) 



I2TG1 



> Kom SttPtFa i^(M(Q),A at ) 



-> Hom Si¥3)Fil i^(B(Qo)(Wk) ®w S,B+) 



J2.4.9.H 

= Hon ViFil i iAr (D(Qo)(WN),B+). 

Dualizing and tensoring up to B^ t now gives us (|2.4.10.2|) . □ 

Remark 2.4.11. The construction of the isomorphism /3q.h-k,7t above is along the lines of 
Deligne's original construction for abelian schemes over Gk\ cf. [BQ 83, 2.9]. 



We have the following corollary, which we will use without comment in p. 3 
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Corollary 2.4.12. iT| t (<9y, Z p J is a semi-stable Galois representation with weights in {0,1}. 
Let 

D st {Q) = Hom % (Q p , B st ® Zp i?| t (Q w , 1 p )) 
be the attached weakly admissible filtered (ip, N) -module. Then there exists a natural isomor- 
phism of fitlered (ip, N) -modules 

D st (Q) ©(<3o)(W N )[p -1 ]. 
Moreover, the map N : D st (Q) —¥ D st (Q) factors as: 

(2.4.12.1) D st (Q) -» At(Q mult ) = Q mult ' C ®z K ^% Hom(Q 6t , A ) = D st (Q 6t ) C D st (Q). 
Here Nq : Q mult c — > Hom((3 ot ,Z) is the map induced by the monodromy pairing of Q H2.2.S\) . 

Proof. Since both iVo and Nq are additive in Q and are trivial when Q is a 1-motif, it is 
actually enough to show that they are equal when Q is the log 1-motif (0, Z, Z, 0, 0, 7v), where 
TV : Z x Z — s- A x is the pairing such that r(l, 1) = tt. In this case, D st (Q) is simply the 
weakly admissible filtered (</?, A^)-module attached to a Tate curve with parameter tt, and here 
the result is well-known; cf. Bcr04, §11.4]. □ 

Remark 2.4.13. If Q is a positively polarized log 1-motif, then, by (|2.3.4[) . it corresponds to a 
semi-stable abelian variety A over K such that T p (A) = T p (Q) and H\ I{ (A) — H^^Q)^" 1 ]. So 
the results above can be rephrased appropriately in terms of the etale and de Rham cohomology 
of A. In this case, (|2.4.12.1j) is due to Coleman- Iovita jCI99| §11.4]. 

3. At the boundary of a Chai-Faltings compactification 

3.1. Chai-Faltings local models as deformation spaces of log 1-motifs. 

3.1.1. We begin with a pair (V, ip), where V is a Q-vector space of dimension 2g and ip is a 
symplectic form on V . We will fix a Z-lattice V% C V such that ip restricts to an alternating 
form 

i> ■■ v-i x Vi -»• z. 

We will call such a lattice a polarized lattice for 

For any ring R, set Vr = Vz <8>z -ft; we will also denote by tp the induced pairing on Vr. Let 
V% C be the dual lattice, so that ip induces a perfect pairing on Vz x V% , and let d G Z>o 
be such that the order of the finite group /Vz is d 2 . We will call d the discriminant of the 
polarized lattice V%. Then GSp(Vz[i/<j], ip) is a reductive sub-group of GL(Vz[i/<j])- 

Let n be an integer in Z>o such that (n, ei) = 1. Associated with (Vz/ n %, "0)1 we have the mod- 
uli stack My z „ ^ over Z [i] ; for any Z [i] -scheme S, Mv Zjn ^(S) parameterizes isomorphism 
classes of tuples (A, A, v, a), where: 

• (A, A) is a polarized abelian scheme over S; 

• v : "L/nJj s ^ /i„ 5 is an isomorphism of etale sheaves of groups over S. 

• a '■ Yji/uZ, s A[n] i s an isomorphism of etale sheaves of groups over S that carries 
voip to the Weil pairing on A[n] induced by A, and is symplectic liftable in the sense 
of [LanOSl 1.3.6.2]. 

In particular, the symplectic liftability condition insures that the prime-to-<i part of ker A is 
isomorphic to the prime-to-d part of the constant sheaf V^ /Vz. It is known that the restriction 
of M.v Z: n,4> over Z is smooth. 

Remark 3.1.2. We can and will make sense of this moduli space even when g = 0. It will be the 
Z [i]-scheme M 0)rl classifying isomorphisms Z/nZ ^> /i„. In other words, it is SpecZ [—] [£ n ], 
where is a primitive n th -root of unity. 
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Definition 3.1.3. Let R be a Z [h] -algebra. We will call a filtration W. Vr C Vr admissible 

if it is GSp(Vr, V')-split (cf. [KislO, 1.1.2]). Concretely, this means that it is of the form 

= W_3 Vr C W_ 2 Vr C W_i Vr = (W_ 2 Vr) 1 - C W Vr = Vr, 

where W-^Vr C Vr is an isotropic direct summand. We will call the filtration proper if 

W_ 2 Vr ± 0. 

Definition 3.1.4. Let W. Vz/„z be an admissible filtration, and let r — ranky z/riZ W2 V%i n %- 
A torus argument $ for (Vz, 4>, W. Vz/ n z) ( CI - }Lan08[ 5.4.1]) is a tuple 

/V V \ ct ,„ct , niult\ 

where: 

(1) V and X are free Z- modules of rank r and A ct : Y — > X is an injective map of groups. 
(2) 

■ V z/nZ ^ Y/NY; 
^ lult : W 2 F z/nZ A Hom(A, Z/nZ) 
are isomorphisms of groups such that the pairing 

gr^ V z/nZ x W_ 2 V z/nZ lp - Xlpr> \ Y/NY x Hom(A, Z/nZ) ^4 Z/nZ 
is equal to the perfect pairing induced from ■0. 

Definition 3.1.5. An isomorphism of torus arguments $ = (Y, X, A et , y^*, <p™ ult ) and 
$' = (y', A', A'< 6t ,</^ 6t ,^ mult ) for (V Z ,V,W. 14/tiz) is a pair of isomorphisms j x : X' ^ X 
and 7y = y ^> Y' , such that: 
. A; 6t = 7 aA 6 V; 

• ^ mult = ix ° ^r 1 '- 

3.1.6. We will be considering tuples (W. Vz/ n z, £)i where: 

• W, Vz/nZ is an admissible GSp(Vz/ n %, ^)-split filtration of Vz/ n z; 

• A torus argument 

(V V \ct , „et rnult\ 

« = (y a, a ,v n ,(p n ), 

for (Vz,^, W. Vz/„ z ); and 

• A symplectic splitting <5 of the filtration W. Vz/ n z- 

Definition 3.1.7. Two tuples (W. Vz/nZ, #) and (W^ Vz/«z, $') are equivalent if W. Vz/nZ = 

Vz/nZj and $ and <£>' are isomorphic torus arguments. A cusp label for (Vz, a t level 
n is an equivalence class of tuples of the form (W. Vz/„z> ^> 5). 

3.1.8. Suppose that we have a cusp label for (Vz, "0) with representative (W. Vz/ n z> We 
will use this representative to construct certain spaces associated with the cusp label, and 
interpret their complete local rings as deformation rings for log 1-motifs. One can easily check 
that our constructions are independent (up to isomorphism) of the choice of representative. 

Fix a prime p > such that (p,n) = 1, let k be a perfect field of characteristic p > and 
let W = W(k) be its ring of Witt vectors. Fix a lift W. Vz of W. Vz/„z such that the induced 
filtration W. V is a GSp(V)-split. We begin with the moduli stack Mw. = M gr w v l ,n,gt N 1 v> 
over Z [-=3] ; here gr W j "0 is the alternating pairing on gr^ Vz obtained from if). As explained 
in |Lan08[ 5.2.7.5], the space Mw. is determined up to isomorphism by W. Vz/ n z> and so is 
independent of the lift W. V%. 

Let (B, A ab ) be the universal polarized abelian scheme over Mw. ■ Suppose that we have an 
object (Bo, Ag b , uq, ato) of Mw. (k) corresponding to a map of stacks xg b : Spec k — ► Mw. ■ 
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Proposition 3.1.9. The complete local ring R^ Xo = ^m w xg b equipped with the polarized 
abelian scheme (Br> a b , X„ ah ) induced from (B,A ab ) is the universal deformation ring (over 

W) for the polarized abelian variety (Bq, A ab ). More precisely, R$ Xo pro-represents the defor- 
mation groupoid Def( BojA ab) that assigns to every artin W -algebra C with residue field k(C) the 
category 



Def (So , Agb) (C) 



/ Tuples {{B c , \$),i c ) where (B c , A& b ) is \ 
a polarized abelian scheme over C ; and 
ic ■ Be <8>c k{C) ^> B (8>fe k(C) is an isomorphism 
\ of abelian varieties over k(C). / 



Proof. This is well-known. □ 



3.1.10. Now consider the M\y. -scheme: 

C$ = Hom (-y, B) XHnm(vRV) Hom (- 
This is the fiber product of the diagram: 



Hom (-y.B) 



Hom(ix,B v ) Hom (r,B v ) 1 
n 

where the vertical arrow is restriction followed by post-composition with A ab , and the horizontal 
arrow is pull-back along the map Y — — > X ^ —X. C$ is a smooth, proper group scheme over 
M w .. 

It is shown in [Lan08j 6.2.3.4] that there is a natural map of group schemes over Mw. 

d : C$ Homf-WY", Bin}) 
n 



(c n , c^) i— > c^A et — A ab c n , 



whose fibers are abelian schemes over M-yv. • The splitting S gives us a distinguished element 

b<j>j in the image of d (cf. |Lan08[ 6.2.3.1]). Let C$ ]( 5 be the fiber of d over b<& t $: this is an 
abelian scheme over Mw. ■ 

Over C*^, we have the tautological maps 

c n .*:-Y^B; c^^:-X^B v . 

n ' n 

Set c$ = c n ^\ Y and = c^ $ |x- 

Suppose that we have a map XQ ah : Spec k —> j corresponding to an object (Bq, A ab , ao, c nj o, 
over k, where (-Bo,A ab ,ao) is an object of M\y. (k) and c n ,Q ■ jfY —> B and c y n : ^X — > Bq 
are maps such that Cq A ct = A ab c ; here, Cq = c^ |x and c = c n ,o\Y- Consider the complete 
local ring -R^ b = Gq,^ s z= ab '■ ^ is naturally an algebra over the deformation ring R^ Xo con- 
sidered in (|3.1.9[) above. Over it we have the pair (c„ $ R ^.b , $ flaab ) inherited from the 

universal pair over C$ ,5. 

Lemma 3.1.11. Let C be an Artin local W -algebra with residue field k(C). For any fppf 
sheaf of groups H over C , Hq will denote its reduction to k(C). For any prime-to-p isogeny 
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A' — > A of abelian schemes over C , the following square of fppf sheaves over C is cartesian 




In particular, given a map /q : H — > A' Q of fppf sheaves of groups over C, lifting /q to a map 
f':H—> A' is equivalent to lifting 0o/o '■ H — > Aq to a map f : H — > A. 

Proof. This is clear once we note that kei(A — > Aq) is p-power torsion (cf. |Kat81[ 1.1.1]). □ 

Let Art^ab be the category of Artin local i?| b 2 , o - algebras. Note that every ring C in 
Art fl ab comes equipped with a polarized abelian scheme {Be, A^ 3 ) lifting (B , Ag b ). Consider 
the following two deformation functors on Art W ab : 



Pairs (c n ,c,Cn c) of maps 
c '■ 

lifting (c„ j0 ,c^ ) 



De V,o,< )( C ) = Cn,c :}Y^B C ■ < c : ±A -> B, v 



c 



Def c v(C) = (Lifts cl : ±A -> B y c of 

Proposition 3.1.12. TTie two deformation functors are naturally isomorphic and are relatively 
pro-represented over R$ tXo by R^. Q ■ 

Proof. That i?| ab pro-represents Def( Cri 0]C v j is essentially tautological, so we only have to 
prove the isomorphism of the two functors. There is clearly a natural map Def ( Cn c v ^ — > Def c v 
obtained by restricting any lift of to A. We claim that this is an isomorphism. Indeed, by 
(|3.1.11[) . giving a lift of is equivalent to giving a lift of Cq (apply the lemma to the isogeny 
[n] : B^j — > B^). Once we have the lift c y n c of , consider the map c y n c A ct — 6$^ : ^Y — > -B^: 
this is a lift of A ab c nj o- Again, from (13.1. lip , this time applied to A^S 3 , we obtain a lift c n .c of 

Cn,0- □ 

3.1.13. Set 

*n = (cn,* x 4)*Pb X ; * = (c* x 4)*Pb x . 

Then ty n is a G m -bi-extension of —Y x A over C$^, and $ is a G m -bi-extension of Y x A over 
C$ i( 5 such that (1 x A ct )* , I / is a symmetric G m -bi-extension of Y x Y. 
Set 

B^ct = {Pairings ( , ) : Y x X -> Z : such that (y, X 6t {y')) = (y, X 6t (y')), for all y, y' e Y}. 
Let S A 6t = BY^ t be its dual abelian group. Also set 

Btb = — B^ct ; S<b = — S^6t . 
n n 

Set 

-Y (8 A 



(y ® X 6t (y') —y'<8> X 6t (y), y eY) 

Then S$ is just the maximal torsion- free quotient of S$. Let S^ r be the maximal torsion 
sub-group of S$. 
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Consider the sheaf S$ )( 5 over C$.5, whose points valued in any C$.,5-scheme S are given by: 

^Trivializations r n : l± Y xx ^n,s over S of G- m -bi-extensions of\ 
&$ y s(S) = —Y x X inducing a symmetric trivialization of 

1 the symmetric G m -bi-cxtension (1 x \ ct )*^>s 01 Y x Y. 

This is a torsor under the C$<5-group E$ of multiplicative type with character group S$. 
It admits a natural surjection onto the C^-group E^ r (again of multiplicative type) with 
character group S^ r . The splitting S allows us to naturally pick out a certain fiber of this 
surjection; then 3$^ is a torsor under the C^^-torus E$ with character group S$. Note that 
3§ t s is open and closed in 3$^. For all this, cf. |Lan08[ §6.2.3]. 

Suppose that we have a rational, polyhedral, non-degenerate cone a C B$ Cg) K; we can then 
form the torus embedding E$ E$(cr) (cf. [KKMSD73, §1-1]). More precisely, we can consider 
the monoid 

S$,,j = (T V n s$, 

where 

= {n £ 8$ ® K : (n, s) > 0, for all s € cr}, 
and we set E$(cr) = Specie, s [S*,o-]- We will consider the contraction product 

S#,5(o') = 3$^ E$(ct). 



the G^ g -bi-extension &° S r S Mg ) of iy x X induced from the G m -extension ^n.s- For any such 



M s )) 



This is an fs log scheme over in the evident way with the log structure induced by the 

divisor that is the complement of 3$ ]( 5. Over any fs log scheme (S, Ms) over C$,5, we have 
ion <F l0 

(S, Ms), we have: 

/ Trivializations r„ : lj_y X A ^ *n,ts,M s ) over (S,Ms) \ 
inducing a symmetric trivialization of (1 x ^ ct )* , 5(5 S M s )i 
and such that, for any geometric point s — > S, 
and any functional /3 : M s , s /&£ s ~* N > 
\the pairing Y x X Mf s /*?| s A Z lies in a C B$ <g> RJ 

Here, N T , S is the monodromy pairing at s associated with r (cf. I2.2.3[) . 

Let 3$ j( 5(cr) be the closure of 3$^ in S^ t s(a): this is an open and closed strict log sub- 
scheme of 3$^ (cr). Over 3$^, we have a tautological trivialization r nj $ of the G m -bi-extension 
^$,c„,c v of —Y x X restricting to a symmetric trivialization of the symmetric G m -bi-extension 
(1 x A et )*\I/$ iCiC v of y x y. Over 3$^(cr), this induces a trivialization r nj $ )(7 of the <Gj£ g -bi- 
extension c v of x 1, which restricts to a symmetric trivialization of the symmetric 

Gj^-bi-extension (1 x A^)**^ s c c v of Y x Y. 

The stratification of E$(cr) by the orbits of E$ gives rise to a stratification on S$.5(cr) as 
well. There is a unique closed stratum Z$ .5(0"). Suppose now that we have a map x : Spec k 
3$,5(cr) landing inside the closed stratum. Equip Specfc with the log structure induced from 
that of 3$ j( 5((t); then we have the tuple (Bq, Xfj h , ao, c n ,o, , T n ,o) over Specfc obtained by 
pull-back from the tautological tuple over S^^cr) . Let r be the trivialization of the G^ g -bi- 
extension VE^,, offxl induced from T n ,o- The tuple (£? , Y, X, Ag b , A ct , Co, c v , r ) then gives 
us a polarized log 1-motif (Qo, Ao) over fc. Let i?$ l(7 ,xo be the complete local ring of 3$ .{(cr) at 

Xq. 

Lemma 3.1.14. Suppose that we have an Artin local fs log W -algebra (C, Mp), and a Gj° s - 
torsor £p S equipped with a trivialization /3q 0/ £/ie induced Gj^ s -torsor E^,s over k(C). Then 
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the map flc /3® n sets up a bijection: 

( Trivializations f3 c of E l <S 6 \ ~ / Trivializations /3' c of Gj° s -torsor (.E^ 8 )®" \ 
\ reducing to /3 J \ reducing to the trivialization (3f n of (E l £^)® n J 

Proof. For any j3' c on the right hand side, its 'n th -roots' in E^ s form a /i„-torsor over (C, Mp). 
So we reduce to: 

Claim 3.1.15. Suppose that we have a /i„-torsor r/c over (C, Mc)- Then there is a natural 
bijection: 

(Trivializations of 77c) — * (Trivializations of rjk(C)) 

This last claim in turn follows from the following facts: 

• The map H 1 (Cg° g , fi n ) — > H 1 (fc(C)^ s , fi n ) is a bijection. 

• The map fi n (C) — > [i n {k{C)) is a bijection. 

The first fact is a consequence of the analogous fact for classical etale /i„-torsors and (|2.1.4p © . 
The second follows because (n,p) = 1 and because ker(C x — > fc(C) x ) is ap-primary group. □ 

Let R^ h Xo be as in (|3.1.12[) . and consider the category of fs log Artin local i?^ Q -algebras: 
This will be the category Art°f ab whose objects are pairs ((C, Mc),jc), where (C, Mc) is 

an Artin local algebra equipped with an fs log structure, and jc ■ k — ► k(C) is a continuous 
map of fs log algebras extending the natural map of underlying rings. Here, we equip k(C) 
with the log structure induced from that of C . Note that for every such object, we have the 
G m -bi-extensions ^ n ,C of ^Y x X and of Y x X, and also the associated Gj° s -bi-extensions 
^ l ° s c and ^c 8 . Furthermore, via the map jc, we can view r nj o (resp. To) as a trivialization of 

*S(C) (resp. *^ c) ). 

The category Art^ g is defined analogously. 
Consider two deformation functors on Art'°f ab : 



Def T „, ((C,M c ),j c ) - 



/ Trivializations t„c of ^ n ,c lifting r„ and 
^inducing symmetric trivializations of (1 x A ct )*^I'c 



Def T0 ((C,M c ),ic) = ( 



( Trivializations tq of SS?c lifting tq and 

inducing symmetric trivializations of (1 x A ct )*'I'( 



Proposition 3.1.16. 

(1) The two deformation functors above are naturally isomorphic and are relatively pro- 
represented over R s £ h x by R$, a ,x ■ 

(2) R<t,. 

a.xo pro-represents the deformation groupoid Def(Q over Art^ parameterizing 
deformations of the polarized log 1-motif (Qo, A ). 

Proof. It is clear that R<t,.a-,x relatively pro-represents Def Tll . We need to show that the two 
deformation functors are isomorphic. It is, however, immediate from (|3.1.14p . that, for any 
((C,M c ),jc) in Art** , the natural map from Def Tn ((C, M c ),jc) to Def T0 ((C, M c ), jc) is 
a bijection. 

For the second assertion, we simply have to put the first assertion together with p.l.9[) and 
(|3. 1.121) . and note that deforming (Q , X ) is equivalent to deforming the tuple (B , Aq 13 , Co, Cq , t ). 

□ 
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3.2. Explicit co-ordinates for Chai-Faltings local models. Our goal in this section is 
to use the deformation theoretic description of R<s>, a . Xo to write down explicit co-ordinates 
for it, under the assumption that (p,nd) = 1. Let (B , Y, X, A ab , A ct , cq, Cq, t ) be the tuple 
corresponding to the polarized log 1-motif (Qo, Ao). We will suppress the sub-scripts from now 
on and refer to the rings Rf Xg from lj3~Q|) . Rf h Xg from (|3.1.12j) and i^, CT)X0 from (|3.1.16j) 
simply as i? ab , i? sab and R, respectively. 

3.2.1. Set k = k(xo): this is a finite field of characteristic p. Set P$, CT = S$ )ff /Sj a : this is a 
sharp, fs monoid. By construction, k(xo) with its induced log structure is isomorphic to kp 9 a . 
If there is no likelihood of confusion, we will refer to this log ring simply as A:; if we need to 
emphasize the log structure, we will write fc$ i<7 instead. 

Let W = W(k), and let Wp^ a be the log scheme associated with the pre-log structure 

Ma.,, k ±h W, 

where the first map is the log structure on k and the second map is the Teichmiiller lift. Again, 
if there is no danger of confusion, we will refer to this log ring simply as W. 
In particular, the construction gives us a natural splitting 

M Wp ^ =M k ^®(l+pW). 

We can use this splitting to define a Frobenius lift on W$ )ff : = Wp# : it will be the p-power 
map on Mfc s a and the usual Frobenius automorphism on 1 + pW . This means that any log 
-F-crystal over k can be evaluated on W$ l(T to give a (^-module over W. 

Let D(Qo) be the log F-crystal over k associated with Qq: by the functoriality of the 
Dieudonne functor, it has a weight filtration 

= W-!B(Q ) c W B(Q ) c WiB{Q ) c W 2 D(Q ) = B(Q ), 

induced by the weight filtration on Q . It satisfies WjO(Qo) = ^(Qo/W-i+iQo). Note that 
W_ 2 Qo = Hom(X, G^s) and that gr^ Q = Y[l] (where X, Y are as in the cusp label $ above): 
this gives us natural identifications of F-crystals WqH>{Qo) = Hom(Y, 1) and grJf D(Qq) = 
X (8.1(1). 

The polarization Ao gives us a perfect pairing i/j : D(Q ) x D(Qo) - > 1(1)- For every i, this 
induces a perfect pairing grf / D(Q ) x g r 2^i ®(Qo) ~ ^ 1(1)- I n particular, the perfect pairing 
on WoD(Qo) x g r 2^ D(Qo) is given by the formula: 

(3.2.1.1) W D(Q ) x grf D(Q ) = Hom(F, 1) x (X ® 1(1)) ->. 1(1) 

(3.2.1.2) (/,(A 6t ®l)(y®l)) ^/(y). 

Note that A ot ® 1 : F ® 1(1) — > X ® 1(1) is an isomorphism. 

Evaluating the polarized log F-crystal (B(Qo)j V'o) on W 7 *,^ gives us a ^-module M equipped 
with a weight filtration W,M and a symplectic pairing tp : M ® M — > W(l) of tp-modules. 

By construction, the weight filtration is GSp(Mo, i/'o)-split: that is, WqMq is isotropic for ipo 
and W\Mo is its annihilator. Let P wt C GSp(M ,V'o) be the parabolic sub-group stabilizing 
W m M ; let {7 w t be its unipotent radical, and let U~ 2 be the center of U wt - It is easy to see 
that C/~ t 2 is simply the largest sub-group of C/ W t that acts trivially on W\Mq © (Mq/WqMq). 
In particular, it is commutative, every TV 6 Lie£7~ t 2 satisfies N 2 = in End(Mo), and we have 
an isomorphism of group schemes 

Lie t/wt 2 
N \-+ 1 + N. 
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The natural identifications Hom(F, W) = WqM and X ® W(l) = grf M combined with 
the description of the pairing in (|3.2.1.1|) give us further canonical identifications: 

2 ( Pairings N : Y x X ->• W such that 1 
(3.2.1.3) UeU wt =| jyr(tf)A « (tf , ))=W>A * (tf))>forantfY€y j=B*® z W. 

3.2.2. We will now construct explicit models for i? ab and i? sab , following |Fal991 §7] and 
|Moo98l §4]. Let 

Mo : G- m <E> k — y GSp(AfojV'o) ® k be a co-character splitting the Hodge 
filtration Fil (Mo <8> k) of Mo (8 k. Concretely, this means that we are choosing a Lagrangian 
decomposition 

M ®k = Fil 1 (M <g> k) © (M <g> ft)'- 
By [DOR101 4.2.17], we can actually choose a splitting co-character /xo that factors through 
Pwt ® fc- We can lift this co-character to a co-character /i : G m — > P w t giving a Lagrangian 
decomposition 

M = Fil 1 M © Mq 

lifting the decomposition for Mo ® fc. 

Let £/ op C GSp(M ,V'o) be the opposite unipotent sub-group associated with /x. Just as 
for U~t, every section iV G Lie U op satisfies N 2 — in End (Mo), and so U op is canonically 
isomorphic to Lie U° p as a group scheme over W. Since the co-character actually factors 
through P wt , for every i, we get a decomposition 

WiM = (WiMo n Fil 1 M ) 8 (WiM n Mq). 

This shows that WoM C Mq C WiM and in particular implies that U~t C C/ op . 

Let C/ sab = C/ op /J7 wt 2 , and let U ah = U op /(U op n t/ wt ). C/ sab (resp. t/ ab ) acts faithfully 
on Mp ab = Mq/WoMo (resp. M$ h = grf M ). Note that we have a canonical identifications 
M^ ab = D(J )(W) and M ab = D(_B )(W) of ^-modules over W. Here, J denotes the 1-motif 
W-iQq] we can also think of it as the semi-abelian extension of Bo classified by Cq. 

In what follows, □ can be read as either sab or ab. Let U a be the completion of U D along 
the identity section, and let A D be the formally smooth VF-algebra such that Spf A D = U a . 
The identity section gives us an augmentation ideal I D C BP such that BP / I u = W . Fix a 
basis {ei} for Lie£/ D , and if (xi) are the corresponding co-ordinates on U a , let ip : A D — > A D 
be the Frobenius lift carrying Xi to x\. 

Let.g D e U a (A a ) be the universal element of U D . Consider the 3-tuplc M a = (M a , ip a , Fil 1 M n ), 
where: 

M D =M°%A D ; 
,„□.,„* i\,fn ,„* n/fC aQ vo®i »□ nf a 9 D . 

95 : ip M — ip M Q9w A >• M ®w A = M > M ; 

Fil 1 M n = Fil 1 M n ® w A D . 

By |Moo98, 4.4], M a can be endowed with a unique, topologically quasi-nilpotent connection 
V D , for which ip n is parallel, giving us an object (M D , V n ) in the category MF^ 1 ](A D ) con- 
sidered in loc. cit.. Moreover, this latter category is equivalent to the category of p-divisible 
groups over A D . So we obtain p-divisible groups ^" sab (resp. ^ ab ) over A sab (resp. A ab ) de- 
forming Jo[p°°] (resp. Bq[p°°]). By Serre-Tate theory for 1-motifs [MSlli 1.1.3.1], this gives us 
a deformation J sab (resp. 5 ab ) of J (resp. B ) over A sab (resp. A ab ). Strictly speaking, the 
cited result only gives us formal deformations, but the polarization A ab on Bq lifts to £? ab , and 
allows us to algebraize both it and J sab . 

By construction, M sab has a weight filtration 

= W M sah C H^iM sab C W 2 M sah = M sab 
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in MFj^ 1 ](A n ). This filtration arises from the corresponding weight filtration on M^ 3 . In 
particular, the polarization ipo of Mq induces a polarization ?/; ab of the first graded component 
gr 1 M sab = M ab ® R , b i? sab . 

Since i? ab is the universal deformation ring for (£?o,A ab ), there exists a unique continuous 
map / ab : i? ab — > A ab inducing (_B ab ,A ab ). Similarly, the map / ab extends, by the universal 
property of R sah to a map / sab : R sah -)• A sab inducing J sab . 

The following result can be shown as in |JVloo98i 4.5] via a simple Kodaira-Spencer calcula- 
tion. 

Proposition 3.2.3. / ab and / sab are isomorphisms. 

□ 

3.2.4. Thanks to (|3.2.3|) above, we now have a rather explicit description of both i? sab and the 
Dicudonnc i^-crystal attached to the universal deformation of (Jo, A ab ) over i? sab . We will now 
build upon this to get a similarly explicit description for the full log deformation ring R, and 
the polarized log Dieudonne _F-crystal attached to the universal deformation of (Qo,\o) over 
R. As expected, we will exhibit R as a completed toric embedding over i? sab . 

Let E$ be the torus over W with character group S$, and let E$ — > E$(cr) be the torus 
embedding corresponding to a C B$ (g) K. Fix a fc-valued point (3 in the closed orbit of E$(er): 
we will think of it as a map of monoids /? : S$ iCr — > k satisfying (3~ 1 (k x ) = . Let R^ be 
the complete local ring of E$ i<7 at j3. 

The natural map of monoids S$ i(T — > i?^ endows i?^ with the structure of a log smooth 
log W-algebra, and we have a surjection i?^ -» fc$ !(7 of log H^-algebras. In particular, we 
have a map of groups Tp^ n : S$ — ► M gp , which we can restrict to S^ct C S$ to get a map 

: S A 6t — > M^j . Let Tp, nt Q : S$ — >■ M| p and t^o : S A ct — > M| p be the induced maps. 
We will think of rg in (resp. r^) as a trivialization of the trivial Gj^ s -bi-extension 1 °y x ( res P- 
ly^j) that induces symmetric trivializations of ly^. y when pulled back along 1 x A ot . 

Let us return to the category Art^ of pairs ((C,Mc), jc)- We can use jc ■ k — > k(C) to 
think of Tp, n ,a as a trivialization of l^y x over k(C), and similarly for t^q. 
Consider the deformation functors 

'Trivializations T$, n ,c of lj_y xj5( - over C lifting Tp >n fl S 
and inducing symmetric trivializations of Iyxy 



Def^„, ((C,M c ),jc) 



Def^ ((C,M c ),j c ) 



/ Trivializations r^c of lyxx over C lifting r^o 
\and inducing symmetric trivializations of Iyxy 



Proposition 3.2.5. The two deformation functors above are isomorphic and R^ g pro-represents 
them over W . 

Proof. This is a special case of (|3.1.16|) (flj). □ 

3.2.6. Recall from (|3.1.13|) that we have canonical <G m -bi-extensions ^f n of ^Y x X and of Y x 
X over i? sab . Set = T n fiTg \ and Tq = toTqq. By construction, r^ is a trivialization of the 
G m -bi-extension ^ n ,o and Tq is a trivialization of ^o- The tuple (Bo, Y, X, cq, Cq , A ab , A ct , Tq) 
corresponds to a polarized 1-motif (Qg , Aq) over fc. 

Proposition 3.2.7. Given a co-character w : G m — ^ P w t splitting the weight filtration W,Mq 
and commuting with the Hodge co-character /i : G m — > P w t, we can find a canonical trivialization 
T w n °f^n over R sah lifting r^ and inducing a symmetric trivialization of (1 x A ct )*\I/. 



TOROIDAL COMPACTIFICATIONS 



25 



Proof. Note that such a co-character always exists; indeed, finding one is equivalent to finding 
a Levi sub-group L w t C P w t containing fi(G m ). 

Fix a co-character w as above. From (|3.1.14[> . it follows that it is enough to find a trivializa- 
tion of <J/ lifting and inducing a symmetric trivialization of (1 x A 6 ')**. This is of course 
equivalent to deforming the polarized 1-motif (Qq, Aq) over P sab . 

We first observe that there is a natural identification of polarized ip- modules V>(Qq)(W) = 
Mo. Now Lie U op , being the —1 eigenspace for fx, is stable under the action of w(G m )- Lie i7~ t 2 
is by definition the —2 eigenspace for w, so we get a splitting 



Lie U op = Lie P" t 2 © Lie P sab , 

where LieP sab maps isomorphically onto the sum of the and —1 eigenspaces for w within 
LieZ7 op . Since U° p is isomorphic to Lie U op , this gives us a splitting of group schemes U° p = 
P" t 2 xP sab . 

In particular, we can now view every section of U sa - h as an automorphism of Mq. 
We will use this to define an object M cl in MF [0!i] P sab = MF[ 0)1] A sab . This will be a tuple 
(M cl , (p cl , Fil 1 M cl ), where: 

M cl = M ®w A sab ; Fil 1 M cl = Fil 1 M ®w A sab ; 

<^> cl : <^>*M cl = ip* M ®w A sab M ®w A sab = AP 1 ^ AP 1 . 

Here, g sab G £/ sab (A sab ) = J7 sab (i? sab ) j s the tautological element, viewed as an automorphism 
of AP 1 = M ® R A sab . We can endow M cl with the constant polarization ® 1. It evidently 
has a weight filtration W.M cl with M cl /W M cl = M sab - 

By [MS111 1.1.3.1] again, we now obtain the polarized 1-motif (Q^,A^) over i? sab reducing 
to (Qq, Aq) over k. □ 

Fix a co-character w as above. Consider the deformation functors Def Tre from (|3.1.16|) and 
Def Tfj n from p.2.5p . We can consider both as functors on Art^f ab . 

Proposition 3.2.8. The functor Def Tre — > Def T/3 n carrying r n _c to {t!^ n )~ 1 T n _c is an 
isomorphism of deformation functors over Art^f ab . In particular, there is an isomorphism 
R ^> i? sab ®i?^ a of fs log i? sab -algebras. Under this isomorphism, the universal r n over R is 
mapped to T^ n Tp. n . 

Proof. This is clear. □ 

3.2.9. For future reference, we summarize all the choices made in the process of constructing 
the above explicit model for R: 

• In (|3.2.2|) , we chose a co-character /i : G m ® k — » P wt <E) k splitting the Hodge filtration, 
and a lift fi : G m — > P w t of /Lto- 

• In (|3.2.4p . we chose a A:- valued point in the closed orbit of E$(cr). Equivalently, we 
chose a map of monoids (3 : S$^ ff — > k such that /3 _1 (fc x ) = SJ a . 

• Finally, in (|3.2.6|) . we chose a co-character w : G m — > P w t splitting the weight filtration 
W.Mq and commuting with our choice of /i. Equivalently, we chose a Levi sub-group 
P w t C P w t containing the image of fi. 

3.2.10. Fix some choices as in (13.2.91) . and use them to give explicit co-ordinates for R as in 
(|3.2.8[) . We can now give an explicit description of the polarized log P-crystal KD(Q) over R 
that is attached to the universal deformation (Q, A) of (Qo, Ao) over R. 

Since R is log smooth over W, giving a log P-crystal over R amounts to giving a triple 
(M, (/3m, Vm), where (M,ipm) is a finite free (/3-module over R, and Vm is a topologically 



26 



KEERTHI MADAPUSI PERA 



quasi-nilpotent logarithmic connection on M for which ifM is parallel. Giving a Dieudonne 
log F-crystal over R amounts to giving a tuple (M, tpu, Fil 1 M, Vm), where (M, <^m,Vm) 
corresponds to a log i^-crystal over i? and Fil 1 M C M is a direct such that (M, ipM, Fil 1 M) is 
an object in BT^j. 

We take M = M ® W R and Fil 1 M = Fil 1 M ® W R. Equip M with the constant polarization 
ipM = V'O ® 1. Define <y9M as follows: write M as M cl (g> flail b i?, where M cl is as in the proof of 
(|3.2.7|) . and set </5 M = <p cl ® 1. 

Note that M cl is equipped with a natural connection V cl , for which ip cl is parallel; for 
example, this follows from the fact that M cl is the evaluation of the Dieudonne crytal of Qjf, at 
i? sab . To finish we will describe Vm in terms of its connection matrix 6 £ End(Mo) <S>w &r/w' 
In fact, 8 will lie in Lie U op <E>w ^r/w' ^ s component in Lie JJ sah ®w & R '?w will be the image 
of the connection matrix of V cl , and its component in Lie £/~ t 2 <S>w ^]i°w = ^* ®w ^fl/w w ^ u 
correspond to the natural map S$ dl ° s > Ct 1 ^ 1 " 6 ^ ft^fyy- Here, we are using the splitting 

Lie U op = Lie C/ sab © Lie [7~ t 2 afforded by the choice of w above. 

From the description of Q in (|3.2.8p in terms of Q£, (equivalently T w n ) and Tp <n , we obtain 
the following: 

Proposition 3.2.11. The tuple [M, ifM, Fil 1 M, Vm> iPm) is the one associated with the polar- 
ized log F -crystal B(Q) over R by the correspondence described above. 

□ 

3.2.12. Let i? an be the global ring of functions over the rigid analytic space U an attached 
to the formal scheme U, and let i? an [4 : a £ Mr] be the i?-algebra freely generated by the 
variables 4 indexed by Mr. We set 

E an,log = ; g £ Mr] 

4& - 4 - 4, for all a, 6 G M R ; 
4 - log(r) : for all r G i? an such that |1 - r(x)\, for all x £ C/(% ) 

The ring i? an > lo s is endowed with a natural logarithmic connection 

V : i? an ' log -> i? an ' log ® R 
t(a) M> dlog(a). 

We can also equip it with a natural continuous extension of the endomorphism <p of R that 
carries 4 to pl a , for all a G M R P . We will extend the augmentation map R —> W to the unique 
map i? an . lo s -> W carrying 4 to 0, for all a £ S$ \ Sj ff . Set M an ' log = M ®r i? an ' log , so that 

we have a tp-equivariant identification M an ' log (g^ai.iog W = M | . Equip Af an ' log with the 
diagonal logarithmic connection. 



Proposition 3.2.13. There exists a unique ip-equivariant, parallel section 

"1" 



P 



^an.log,® 



Proof. This is essentially |Vol031 Theorem 9]. However, for later use, we will need an explicit 
version of this isomorphism, which we now present. First, let i? sab > an be the global ring of 
functions over the analytic space (/ sab,al1 , and let M cl be as in (|3.2.7p . With this, we can 
associate the i? sab ' an -module M cl - an = M cl ® Ra ab # sab > an . We will first define the cp-equivariant 
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(and necessarily parallel) section 



f cl.an 



£ cl : M -> M c 

m i — y lim<^ n (m). 

n 

This is simply Dwork's trick. Note that its definition is clearly compatible with tensor operations 
on both sides. 

Next, we consider the map 

S$ -> Mf i? an ' log . 

This can be viewed as an element 

A l ° s G B$ ® i? anJog = Lie [/~ t 2 (8 W i? anJog C End(M an ' log ). 

Set £ log = exp(A log ) e [^(i?™' 1 ^). One can now easily check that £ log commutes with £ cl 
and that £ = £ cl £ lo s is the unique section whose existence had to be shown. □ 

3.2.14. An important consequence of (|3.2.13|) . exhibited in |Vol031 Theo rem 6] , is the following: 
Let L/Kq be a finite extension, let Lq C L be the maximal unramified sub-extension, and let 
it e ^ be a uniformizer, allowing us to fix a branch log„. of the p-adic logarithm satisfying 
log 7r (7r) = 0. For any map x : R — > 0l of log rings, the choice of logarithm gives us a unique 
extension x log : i? an > lo s — > £ carrying £ a to log w (x"(a)). Evaluating the isomorphism of (|3.2.13p 
along this map gives us an isomorphism of L-vector spaces: 

(3.2.14.1) M ® wL ^H\ K {Q x ) ~ 

Let I = equipped with its induced log structure, and let xq : R — > I be the reduction 

of x. We can identify M with Bi(Q Xo )(W(l)w) as a ^-module over W, giving us: 

(3.2.14.2) '' " ' 



P 



The following result is an immediate consequence of the log smoothness of R and the con- 
struction of the Hyodo-Kato isomorphism in (|2.4.10[) , which is also accomplished via parallel 
transport. 

Proposition 3.2.15. The isomorphism in fr3.2.14-3\ ) agrees with the Hyodo-Kato isomorphism 
from 



3.2.16. Let ipo <S> 1 : <p*M — > M be the scalar extension of <po : <p*Mq 



□ 

Mq. For any 



h G End(M 



), set 



<p(h) = ip (tp* h)^ 1 G EndMVf 

Let g sah G C/ sab (i?) be the image of the universal element of £/ sab (i? sab ), and let $(g sab ) be the 
convergent product 

$( 5 sab ) = g sab cp(g sah )<p 2 (g sah )cp 3 (g sah ) • • • G GL(M an ). 
The following corollary is immediate from the description of £ in the proof of (|3.2.13[) . 



Corollary 3.2.17. For any tp-invariant element sq G Mq 

£(so) = e los< f(.9 sab )(s ®i). 



have: 



□ 
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3.3. Tate tensors. 

is a collection of Tate tensors 



Definition 3.3.1. A collection of tensors {s a ,o}aei C M® 
for M if: 

(1) Each s a , for a € I, is (^-invariant. 

(2) The point- wise stabilizer of the collection is a reductive sub-group Gk C GSp(Mo, iPo)k - 



3.3.2. Let {s afi } a ei C M ® 
then we have 



be a collection of Tate tensors. Let U W ^ G Kq = U w ^ Kq n G.r- ; 



-2 



Set B$ G = B$ fl LieU~ t G Xq : this is a direct summand of B$. Set S$ G = B^ q : this is a 
quotient of S$, and is again a free abelian group. Let E$ G be the torus over W with character 
group S$ G ; it is a sub-torus of E$. Let gq — a n (B$ G R), and let S$ G , CTG C S$ G be the 
fs monoid associated with the non-degenerate, rational, polyhedral cone oq. Attached to this, 
we have the torus embedding 

E$ G E$ G (ctg). 

Finally, set P$ G , CTG = S$ Gj(JG /S^ 



Definition 3.3.3. A collection of Tate tensors {s Q .o} C M® | satisfies the continuity 
property if the natural map of monoids S$ i(T — > S$ G!(TG is continuous; that is, if only 
invertible elements in S$ j(T are mapped to invertible elements in S$ Gi0 - G . 

If { s q,o} satisfies the continuity property, in making our choices as in (13.2.91) . we can find 
f3 : S$.,j — > k such that j3 factors through S$ G:(JG . Let R^ G aG be the complete local ring of 
E$ g (og) at /?: this is the normalization of a quotient ring of ; cf. |Har89| 3.1]. We will 
assume that we have made such a choice of f3 for the rest of this section. 

3.3.4. Here is one way to obtain Tate tensors for Mo satisfying the continuity property: Let 
&k be the ring of integers in a finite extension K/Q p with residue field k and maximal ideal 
mx C Gk- Equip it with its canonical log structure. Suppose that we have: 

(1) A polarized log 1-motif (Q x ,X x ) over 6k\ 

(2) A continuous map of log rings j x : fc$ jCT — > Ck/^k, where we have equipped the right 
hand side with the log structure induced from Gk\ and 

(3) An identification j*(Q , A ) = {Q x ,o, K,o) ■= (Qx,K) ®e K G K /m K . 

In the language of H3. 1.131 we have an object of Def(Q 0i A )(<^if ); this is of course equivalent to 
giving a local map x : R — > &k of fs log algebras. 

Let A x — T p (Q x ), and suppose, in addition, that we have a collection {s a x ^t} C A® ^ of 
Galois-invariant tensors over L x defining a reductive sub-group Gq p C GSp(Aa:, i/)x)q , where 
ip x is the Z p (l)-valued symplectic form on A x induced from X x . 

Via thep-adic comparison isomorphism (|2.4.10.2[) , we now obtain (/3-invariant tensors {sa.^.st} C 

^>(Qx,o)(Wn)® i satisfying N(s a , x , s t) = 0, for all a. Note that the condition N(s ajXtS t) = 
ensures that the ^-invariance of s a is independent of the choice of Frobenius lift on W®- Choose 
any Frobenius lift on W®: this amounts to a choice of a splitting Mw„ = M& K / mie ffi(l + pW). 
Since we have already chosen a splitting Mw* = ®(1 +pW), there now exists a unique 

map j x : W$ !(T — > lifting j x and respecting the chosen splittings. In particular, j x is tp- 
equivariant, and so we have an equality of (^-modules M$ = D(Qx,o)(Wf}), giving us (,5-invariant 

tensors {s afi } = {s a , x , st } C Mf ± 
We have the following: 
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This follows, for example, from the 



Lemma 3.3.5. {s Qj o} * s a collection of Tate tensors satisfying the continuity property. 

□ 

3.3.6. Fix a collection of Tate tensors {s a ,o} C M® ij satisfying the continuity property. Let 

i? an ' log and M an,log be as in (13.2.12p . The Tate tensors {s a ,o} give rise to a parallel ^-invariant 
tensors 

{M = UKo®l)}cM an ' log <®, 

where £ is as in (|3.2.13p . 

Suppose that L/Ko is a finite extension and that x : R — > &l is a local map of log W- 
algebras. Then, for each choice of uniformizer w S Gl, the Hyodo-Kato isomorphism (|2.4. 10.11) 

r -i<8 

carries the Tate tensors {s Q ,o} to tensors {s a ^ iX } C ^dR^s) p ■ According to (|3. 2.151) 
these tensors are exactly the evaluation of {s a } under the map x los : i? an . lo s -> L induced by 
the branch of logarithm log„. attached to 7r. Given a different choice of uniformizer it' € Gl, 
we have: 

s a ,ir> : x = exp{\og(Tr , Tr~ 1 )N x )(s at7T ,x), 

where N x is the monodromy map on M x '■— H^(Qx) 
explicit description of £ in (13.2. 1 3[) . 

Lemma 3.3.7. Suppose that s a! „ belongs to Fil Mf ; then it is invariant under monodromy, 
and is therefore determined independently of the choice of it . 

Proof. Let Lq C L be the maximal unramified sub-extension. Set M x _q = Mq ®w Lq; then 
M X) o is equipped with the isomorphism 

^,7T : M x , ®i L ^ M x- 

Along this isomorphism, the monodromy N x descends to a map N X fl on M Xt o, and this gives 
M X} o the structure of a weakly admissible filtered (ip, iV)-module with Hodge- Tate weights in 
{0,1}. If s a ^,x = £x,Tr{s a ,o) belongs to Fil M x , then, since N x> o<p = PfN x<0 , N Xt0 (s a . a ) = 
N x (s a ^ >x ) belongs to the intersection (M®^?' 1 n Fil Mf. 

But, if we 'forget' the monodromy N X fi, the remaining filtered </j-module is still weakly 
admissible. Therefore, one easily sees that the intersection in question must be zero: each 
element in (M® ) v=p spans a ^-stable sub-space of slope —1, and so must have a Hodge 
polygon with negative slopes. In particular, s a ^,x must be invariant under monodromy. □ 

Definition 3.3.8. We will say that the collection {s a } is Hodge at x if, for some (hence any) 
choice of uniformizer tt, we have C Fil Mf. In this case, by Q3.3.7p . the specializations 

{s a ,n,x} are determined independently of tt, and so we will write them simply as {s ajX }. 

Definition 3.3.9. For any finite extension L/Kq, and any quotient T of R& L , write LM(T) 
for the set of continuous maps of log W- algebras x : R — > l7-^ a that factor through T . 

Note that a continuous map x : R — > G-^ is a map of log algebras precisely when the 
associated map of monoids x* : S$ iCr — > G-^ a takes only non-zero values. 

Lemma 3.3.10. Fix a finite extension L/Q p and x : i? — > in LM(R). For any h G U^f(L), 
set Fil h M x — h ■ Fil 1 M x . Then the tuple [M Xj q, Fil^ M x , p, N x< $) is still weakly admissible. 

Proof. This follows because h acts trivially on W\M x o, as well as on gr^ M Xi o, and because 
the category of weakly admissible filtered (tp, ./V)-modules is closed under extensions within the 
category of filtered (ip, 7V)-modules. □ 
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Lemma 3.3.11. Let L/Q p be a finite extension, and let (D, Fil* Dl, ip, N) be a weakly admis- 
sible filtered (ip, N) -module over L. Suppose that H C GL(D) is a reductive sub-group that is 
the point-wise stabilizer of a collection of tensors 

{v } C (^) v=1 ^ =0 f|Fil° J Df. 

Then Fil* -Dj, is split by a co-character /i : G m .L — > Hi,. 

Proof. This follows from the argument in |KislQ[ 1.4.5]. □ 

Proposition 3.3.12. Let E$ be the completion of E$ ; v^ along the identity section. Fix x : 
i? — s> &l in LM(R). For a £ I, set = £ cl (s a ,o ® 1); and let s^ x denote its specialization at 
x. Then the following are equivalent: 

(1) { s a} is Hodge at x. 

(2) There exists u G E$(<^ L ) such that {(1 — log(w))s^ x } C Fil Mf , and, for any such u, 
ux^ : S$ — > L x factors through S$ G . 

Proof. We first note that, given u G E$(i^l) = Hom(S$, 1 + m^), log(w) G B$ ®L = Lie U~^ L 
is the element attached to the composition: 

S$ — > 1 + rriL — > L. 

Now, fix a uniformizer n in L. Let G C/~ t 2 (L) = 1 + Lie[/~ t 2 L be the automorphism 
obtained by viewing the composition 

as an element of B$ (g) L = Lie£/~ t 2 L . Then {s a } is Hodge at x if and only if {Ci°l( s a x)} c 
Fil M® . 

Suppose now that ([2]) holds. Then, for each a, 

= (1 - log(«))«J G Fil Mf . 

This shows that ©^(U). 

For the other implication, assume that {s a } is Hodge at x. Then it follows from the proof 
of (|3.3.7j) that the monodromy N x satisfies N x (s a ,o) = 0, for all a. This means that the 
composition 

S$ ^L x -^L x /0* 

factors through S$ G . Since j3 : S$. ff — ► k was chosen to factor through S$ G .<j G , we can find 
u G E$(i^l) such that ux^ factors through S$ G . So we find: 

(1 - log(«))« x ) = e^«J = s a>x G Fil M®. 

To finish the proof, suppose that u G E$(^,) is another element such that (1 — log(«))(s„ x ) 
lies in Fil Mf for all a. Then, for all a, 

(3.3.12.1) + Iog(«))((l - log(t;))(*£ x )) = G Fil Mf. 

Let C GL(M X ) be the point-wise stabilizer of the collection {(1 — log(u))(s^ x )}. Then, by 
(|3.3.10|) and (|3.3. 1 If) . the filtration Fil 1 M x C M x is split by a co-character \x : G m x — > G XjV . 
Consider the map 

End(il4) -> (BaeiMf 

/^(/((l-log( W ))«J)) ae7 . 

It is easy to see that this map is G Xit ,-equivariant, and, using the fact that Fil 1 M x is G x>v - 
split, we see that the pre-image of © QG / Fil Mf under this map is precisely Lie G x ,v + Lie Pl . 
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Here, P C GL(Mq) is the parabolic sub-group stabilizing the Hodge filtration on Mo and 
Pl C GL(M x ) = GL(Mo) ®w L is the stabilizer of Fil 1 M x . 
Moreover, we have 

(3.3.12.2) 

Lie U wt,L n ( Lie G *,v + Lic P l) = Lic U~Il n Lie G w = Lie U~l L n Lie G L = Lie CT; 2 G L . 

The second to last equality can be deduced as follows: By its definition and by (|3.2.17|) . we 
have: 

Gx,v = (1 - log(v))$(g sah ) x G L $(g a * b )-\l + log(u)). 

Given this, we only have to observe that U~^ L commutes with both (1 — log(u)) and &(g sab ) x 

(for the latter, note that is invariant under conjugation by ip and that it commutes with 

ff sab )- 

From (|3.3.12.1j) and (|3.3. 12.21) . we find that (l + log(u)) belongs to U~^ GL . In particular, 

since we already know that ^°|(l+log(w)) belongs to U~^ G L , this shows that log(u?/ _1 ) belongs 
to LieC/~ t 2 G L , implying in turn that to" 1 factors through S$ G . Therefore, ui' = (vu~ 1 )ux^ 
must also factor through S$ G . □ 



3.3.13. Let Gr (resp. Gr sa ) be the Grassmannian over W that parameterizes direct summands 
Fil 1 M C M (resp. Fil 1 M sab C M sab ) of rank rank Fil 1 M . Let P wt ,G,K be the image 



of Pwt,G,K„ in GL(Mq ) 



Let Gr G C Gr 



scheme consisting of Gk -split filtrations Fil Mq 



(resp. 
c Mq 



G 



.sab 



C Gr 



sab 



) be the sub- 



(resp. P w t,G,K Q split filtrations 



Fil 1 M,f b 



C M sab 



Here, given a closed sub-group H C GL(V), we say that a filtration 



Fil* V is _ff-split if it is split by a co-character fi 



H. 



Lemma 3.3.14. Let U C Gr G be the open sub-scheme consisting of summands Fil 1 Mo such 
that Fil Mo R WoM) = 0. Then the map carrying Fil Mo to its image in MQ ab induces a flat 
map U —s- Gr G b whose fibers have constant dimension dim U~^ G Kq . In particular, for any 
connected component Z C Gr G b ; we have: 

dimZ = d-dimC/ wt 2 G Kq . 

Here, d = dimG/f — dimP Gjl) , where y € V(Kq) is any point mapping into Z and Pc,y C 
GL(Mq) ®vf i^o *s the parabolic sub-group stabilizing the attached filtration Fil 1 Mo C Mo. 

Proof. According to }DOR10| 4.2.17], for any point y £ Gr G (i^o), the attached filtration 



Fil" (M <g> K Q ) can be split by a co-character /i : G T , 



wt, G,K ' 



This shows that we have a 



map U — > Gr G D . We claim that all the fibers of this map have dimension dimJ7~ t 2 G K . This 
will finish the proof, since d is simply the dimension of any connected component of U lying 
above Z. 

To prove our claim, we simply have to note that the natural action of U~^ G Ko on U makes 
U a U~l G Ko -torsor over Gr G b . □ 

3.3.15. Suppose that L/K is a finite extension and that x : R — > &l in LM(R) is such 
that {s a } is Hodge at x. Let G x C GL(Mc) be the point-wise stabilizer of {s a , x }. Set 
Pg.x — G x R Pl, and set d x = dimG#- — dimP G x . It follows from (|3.3.11[) that Fil 1 M x is 
G^-split, so that Pg, x is a maximal parabolic sub-group of G x . 



Lemma 3.3.16. Suppose that T is a quotient domain of Re L such that LM(T) is non-empty, 

:>sab 



and such that, for every x 6 LM(T), {s a } is Hodge at x. Let T sab be the image of R s ^ h in T. 
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Then 

(3.3.16.1) dimT sab < d- dimUj^ Ko + 1, 

where d = d x , for some (hence any) x G LM(T'). 
Proof. The isomorphism 

C 1 : M sab ® w R sah ^ n ^ M sab ' an 
over (/ sab > an along with the filtration (^ cl ) _1 (Fil 1 M sab:an ) defines a map of analytic spaces 

can check that this map is unramified; that is, it induces injections 
on tangent spaces. This essentially follows from the universality of i? sab . 

By our hypothesis, / carries (Spf T sab ) an into Gr^ an . The result now follows from (13.3. 14[) . 

□ 

Proposition 3.3.17. Suppose that there exists a quotient domain T of Re L that enjoys the 
following properties: 

(1) LM(T) is non-empty, and for every x £ LM(T), {s a } is Hodge at x. 

(2) dimT = d+1, where d = dimG^ — dimP^^, for one (hence any) x G LM(T). 

Let T sab &e the image of i?^ b in T. Given u G E$(£?l) 7 write u ■ R$ G aG g L for the ring of 
functions on u ■ (Spf R$ G GG @ L ) C Spf R<s> t(7 ,ff L ■ Then: 

(1) rankB #G = dim U^ G>Ko . 

(2) For any y : T — > in LM(T) with restriction y sah = y\ T ea.b, there exists u y G E$(^) 
such that 

T (glysab^sab L — U y ■ R$ a aG L 

as quotients of R^ g L — R ® ff >b i!;= »b L. 

Proof. Note that E$ acts naturally on Spf i?^ via translation. It is this translation action 
that appears in ([2]). 

Fix y : T &l and let p y C T sab be the kernel of y sab = y\^ h . Let C T be any prime 
minimal over p v T such that n T sab = p y . Then, by |Mat891 Theorem 15.1], we have: 

dim TV < dimT p sab < d dimE/"^. 

Here, we are using the bound ()3.3.16.1[) on the dimension of T sab . This implies, using the fact 
that every complete local Noetherian ring is catenary |Mat89, Theorem 29.4], that: 

dimT/^P = dimT — dim Tip > dim U~^ G K + 1. 

We will now treat T/p y T as a quotient of &l ®r^. %j R = -R$ a g L - Fix u y G E$(^l) such 
that 

{(l-log( % ))(< 9 )}cFil°M® 
This is possible by t|3.3.12|) . Moreover, ([2} of Zoc. di. shows that LM(T/p y T) lies within 
u^ 1 ■ LM(i?^ G CTG ^) (here, we are viewing elements of LM(i?^ a ) as continuous monoid homo- 
morphisms S$ iCr — > 6^ \ {0}). In particular, we find: 



dim U,„?r< ir > dim i?£ „ 



> dim(T/p y T) 



> dimU wt 2 GKo . 



This shows that rankB$ G = dimi?^ G aa — 1 = dim?7 wt 2 G Kg , thus proving ([T]), and also proves 
© " □ 

Definition 3.3.18. We will say that a quotient domain T that satisfies properties ([1]) and © 
in (13.3. 17[) above is adapted to {s a o}. 
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3.3.19. Recall that, by construction (cf. I3.1.13|) . we have over i? sab the G m -bi-extension ^> n 
of —Y x X . The trivializations of this G m -bi-extension inducing a symmetric trivialization of 
(1 x X 6t )*^ form an E$-torsor H$„R=ab over Speci? sab . Let E$ Rea . b be the induced E$/E$ G - 
torsor. 

By definition, H $ RSB .b is nothing but Spec(0 /gSs ^ n (Z) _1 ). Here, if I = J^iiVi ® Xi] G S$, 
for yi £ iy and ^ G X, we set = ® i (y l €5 Xi)**„. Similarly, if Sg = ker(S$ -> S$ G ), 

then Hg ji?Bab = Spec(0 ;eS G * n (0 -1 )- 

Over H^j^aab, we have the tautological trivialization r of E$ #sab. In particular, for each 
i G Sg, there exists a canonical trivialization r(Z) £ 5' n (/)~ 1 CSi^aab Haab . Given an i? sab - 
algebra C, we will say that Hg is tautologically trivialized over C if, for any I £ Sg, the 
image of r(Z) in 4' n (/) _1 ® ff ,b ^a* c nes m ^n(0 _1 ®i? s " b C- In this case, the collection 
{ r (0}iesg provides a trivialization of 2g c , and we can attach to it a E$ G -torsor H$ Gi <7 over 
C such that 

2$,c = S$ Gi c x e *g E$. 

Proposition 3.3.20. Let T be a quotient domain of Rff L adapted to {s Qj o}- Then: 

(1) Hg is tautologically trivialized over T sab . 

(2) Let 

"* G ,T aab ^ "* G ,T sa - b (^g) ^ e ^ e twisted torus embedding attached to the cone 
oq C B$ g <gi K. Let i?c ^ e complete local ring of H$ GiTsa b (era) at xq, and let Rq 
be the image of R in Rq; then Rg = T as quotients of Re L ■ 

Proof. Over i?, the tautological trivialization r gives rise to the universal deformation r« of 
Tn,o- We saw in (|3.1.16p that, given our choice of co-character w : G m — > P w t,G and the map 
f3 : S$ Gj(TG — > k, we have r n = tj; n T^„, where t^J n is a trivialization of ^„ over i? sab , and 
T/3,« : S$ — > M gI ^ is the natural map, viewed as a trivialization of the trivial Gj^ g -bi-extension 

of iy x x. 

Fix y : T -> ^ in LM(T). By (|3.3.17p (f2]>. for all Z G Sg, we have 

y*Tp, n {l) = UyQy 1 £ 1 + m L >. 

So, for all Z G Sg, 

y*r„(0 = u»(0 _1 (tf*^,n(0) e *n(0 _1 ® fl -b ir ab 

Let p y C T sab be the kernel of y sab : T sab ->■ G L , . Fix a basis B for the free T sab -algebra 
T =ab sucn that 1 G B. Then for any 1 / e e B, we saw above that the e-co-ordinate of T n (l) 
maps to in T sab /p y . Since this holds for all y £ LM(T), we see that the e-co-ordinate of T n (l) 
must in fact be and that r n (l) must therefore lie in ^(Z) -1 ® fiS ab T sab . This shows ([TJ. 

By construction, Rq is a domain, and we have: 

dim E G = dimT sab + Lie U~I GKq <d + l = dimT. 

Let us use the trivialization n to identify S$ ysab with the trivial torsor E$ <p,ab . Then, for 
any T sab -algebra C, we have: 

H (6G!T5 ab(C) = {/ : -> C x : /(f) = r^„(/), for all I G Sg}. 

In particular, if y : T — > Gu is in LM(T), then treating L 1 as a T sab algebra via y sab , we have: 

H <6GiT5 ab(i') = {/ : S* -> (L') X = /(0 = u,®" 1 , for all / G Sg}. 

Using p.3.12p (P|). we now see that y" : S$ — > (£') x i s an element of E$ G j.sab(L'). This shows 
LM(T) C LM(i? G ) and proves ©. □ 
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4. COMPACTIFICATIONS OF SHIMURA VARIETIES OF HODGE TYPE 

4.1. Shimura varieties and absolute Hodge cycles. This is essentially a resume of the 
first part of |KislQ[ §2], but we will be using Pink's slightly more general definition of Shimura 
data from |Pin90) . rather than Deligne's original definition from |Del71j . 

Definition 4.1.1. A Shimura datum is a triple (G,X,h), where G is a connected reductive 
group over Q and X is a G(R)-homogeneous space, and h : X — > Hom(§, Gr) is a G(R)- 
equivariant map (here, S := Resc/RG m is the Deligne torus) such that: 

(1) For any x £ X, the composite 

§ ^ G R ^> GL(Lie(G)) 

defines a Hodge structure of type (—1, 1), (0, 0), (1, —1) on Lie(G); 

(2) For any x € X, h x (i) is a Cartan involution of Gr; 

(3) G ad has no Q-simple factors whose R-points form a compact group. 

Usually h will be clear from context, and we will use the pair (G, X) to refer to the Shimura 
datum. 

A map l : (Gi, X\) — > (G2, X2) of Shimura data consists of a pair (ti, £2), where L\ : G± — > G2 
is a map of Q-groups, and 12 : X\ — > X2 is a Gi (M)-equivariant map compatible with h\ and 
\i2 in the obvious sense. It is an embedding if i\ is a closed embedding. 

Definition 4.1.2. The weight co-character wq : G m .R Gr is the composition G m ,R 

S — ^> Gr, for Here, the first map is the natural inclusion. The definition of a Shimura 

datum ensures that wq maps into the center of Gr and is independent of the choice of x. 

Assumption 4.1.3. We will assume from now on that wq is defined over Q. 

Definition 4.1.4. For any x G X, let [i x : G m .c — > Gc be the co-character 

Z !-)• (Z, 1) 

The reflex field E(G, X) C C of (G, A) is the field of definition of the conjugacy class of 
fih m G. It is a finite extension of Q in C. 

Let Af be the ring of finite adeles, let K C G(Kt) be a compact open sub-group of the adelic 
points of G. We will write K = KPR p , where K p C G(Q P ) and K p C G(Ap, where C A/ 
denotes the sub-ring of adeles with trivial p-component. 

By results of Baily-Borel, Shimura, Deligne, Milne, Borovoi and others (see |Mil90i §4.5]), 
the double coset space 

Shx(G, X)c - G(Q)\X x G(A f )/K 

has the natural structure of an algebraic variety over C with a canonical model Sh^-(G, X) over 
the reflex field E(G, X). 

Lemma 4.1.5. Let l : {G\,X\) (G2,^2) be an embedding of Shimura data, let K2, P C 
Gi(Qp) be a compact open sub-group, and let K\ p = K2 jP H G2(Q P ). 

(1) For any compact open sub-group K\ C Gi(A^) , we can find a compact open sub-group 
K% C G2(Aj) containing Kf such that l induces a closed embedding 

i : Sh K?Kl JG^X,) Sh K r K2p (G 2> X 2 ) 

defined over E{G\,X\). 
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(2) For K\ — KfKi p sufficiently small, we can choose K 2 — K 2 K 2 ^ p such that, for any 
compact open sub-group K 2 C K2, the map 

%' : Sh^(G 1 ,X 1 )^Sh^(G 2 ,X 2 ) 

is again a closed embedding; here K[ — K 2 n Gi(Aj). 

Proof. The first assertion is jKislOl 2.1.2]. 

For the second, we choose K\ small enough so that K 2 can be chosen to be neat (cf. |Lan081 
1.4.1.8]). In this case, for any K 2 C K 2 and r — 1, 2, the map 

Sh K ,(G r ,X r ) ^Sh Kr (G r ,X r ) 

is finite etale. In particular, the map i' is finite and unramified, and so, to check that it is a closed 
immersion, it is enough to show that it is injective on C-valued points. Suppose that we have 
two points (x,g) and (y,h) in X\ x Gi(Ay) mapping to the same point in Sh^(G2,^2)- This 
means that they map to the same point in Sh^ £ - 1 (Gi,Xi) as well. So we can find 7 r G G r (Q), 
for r = 1, 2, k\ € K\ and k' 2 £ K% such that 

(y,h) = (lix,ligki) = (7 2 a;,72fffc 2 ). 

This implies 7 2 ~ 1 7i £ Stab<3 1 (Q)(a;) p| gK' 2 g~ x . Since K' 2 is neat, this last intersection is trivial, 
which means that 72 = 71 <E Gi (Q) and k' 2 — k\^ K[ . □ 

Definition 4.1.6. Let V be a Q-vector-space equipped with a symplectic form ip. The Siegel 

Shimura datum associated to (V, ip) is the pair (GS P (T/,V),S ± (y,V)), where S ± (F,V) is the 
GSp(F, -0)(K)-conjugacy class of maps h : S — > GSp(V, -0)k such that: 

(1) h induces a Hodge structure of type (1, 0), (0, 1) on V, so that we have a corresponding 
decomposition 

Vc = vl'°®v£> 1 ] 

(2) The symmetric form (x, y) ^ ^{x, h{i)y) is (positive or negative) definite on Vr. 

The reflex field of a Siegel Shimura datum is Q. 

Following Pin90, 2.6], we can also make sense of a Siegel Shimura datum when V = 0. We 
set GSp(O) := G m , and S ± (0) to be the set of square roots of —1 in C with the obvious action of 
R x . We equip S ± (0) with the constant map h : S ± (0) — > Hom(S, G m ,wt) carrying either square 
root to the norm map z 1— \ zz. We denote this Shimura datum by (GSp(O), S ± (0)). 

4.1.7. Let (GSp, S ± ) be the Siegel Shimura datum associated to (V, ip) (we assume for now 
that V ^ 0), and let K = K P K P C GSp(A/) be a compact open sub-group. For K p sufficiently 
small, Sh if (GS P ,S ± ) can be interpreted as the fine moduli space of polarized abelian varieties 
with level structure. To be more precise, we fix a Z-lattice Vi C V such that ip restricts to a 
bilinear form on Vz and such that Vz <8> Z is stable under K. Let V% C V be the dual lattice 
with respect to tj), and let d = %{V^ /Vz). 

For an abelian scheme A over a Q-scheme S, and for a rational prime £, let Ti (A) be the 
Tate module of A: this is an £-adic sheaf over S. Set T^{A) — \\ t primc 7H^4)- Then, for any 
Q-scheme S, Sh/f(GSp, S ± )(S') parameterizees isomorphism classes of tuples (A, A, 77), where 

• A is an abelian scheme over S; 

• A is a polarization of A of degree d; 

• i] is a section of the etale sheaf 

IscHn((Z^ s ,M),(T 2 (A),[VA]))/^. 
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Here, [x] denotes the line spanned by x, and ip\ is the Weil pairing on Tg(A) induced by the 
polarization A. The group K acts on the sheaf of isomorphisms via pre-composition. For more 
details, see |Del711 §4] or |Kot92[ §5]. We see in particular that, for K p sufficiently small, there 
exists a universal abelian scheme A over Sh K (GSp,S ± ). 

If V = 0, then Sh x (GSp(0), S ± ) is the finite etale Q-scheme attached to the Gal(Q ab /Q)-set 
A*/Q >Q K. 

Definition 4.1.8. A Shimura datum (G,X) is of Hodge type if it admits an embedding 

(G,X)^(GS P (l/»,S ± (t/») 

into a Siegel Shimura datum. 

Remark 4.1.9. Note that, unless V = 0, any such Shimura datum will be a Shimura datum in 
the sense of Deligne. From now on, unless otherwise specified, we will assume V 0. 

4.1.10. Let (G, X) be a Shimura datum of Hodge type with reflex field E = E(G, X) equipped 
with an embedding 

(G,X)^(GS P (F,V),S ± ). 

Let K = K P K P C G(A/) be a compact open subgroup. By (|4.1.5|) . we can find K' C GSp(A/) 
containing K such that the map Sh K (G,X) -> Sh K /(GSp,S ± ) is an embedding defined over 
E = E(G,X). Moreover, we can ensure that K p and K' p are sufficiently small, and fix a Z- 
lattice Vz c V as above, so that Sbjf/(GSp, S ± ) admits an interpretation as a fine moduli space 
of polarized abelian schemes with level structure. Let h : A — > Shft- (G,X) be the pull-back of 
the universal family of abelian varieties over Shjf/(GSp, S ). 

Suppose that we have a finite collection of tensors {sq,.b} C V® whose pointwise stabilizer 
in GSp is G. Let V^r.e = H\ K {A/ Sh K (G 7 X)) be the first relative de Rham cohomology of 
A over Sh.K(G, X): this is a vector bundle with integrable connection over Sh^(G, X). From 
[KislOl §2.2], we see that the tensors {s aj s}, via the de Rham isomorphism, give rise to parallel 
tensors 

K.dR.} C H°(Sh K (G,X),F Q V® RE ) V = . 
Moreover, for any a, any field extension k of E, any point x £ Sh^-(G, X)(k), and any choice 
of algebraic closure k of k, we get a Gal(K/K)-invariant tensor s a ^t.x 6 Hl t (A x ,K-> Qp) 8 - Given 
any choice of embeddings a : R ^ C and i : Q p =— ^ C, under the isomorphisms 

HdniAc) ® K , CT C A H^Ax^iQX) ^ Hl t {A x , R , a , Q p ) (g> Qp , t C, 

s a ,dR,x is carried to s a ,ct,x- All of these results are easy consequences of the main result of 
[DMOS82 : 'Hodge implies absolutely Hodge for abelian varieties over C. 

We also have one additional piece of compatibility between s Q! dR,a; and s a ,ct,x- For this, 
consider the case where k is a finite extension of E v , the completion at v for some place v \p of 
E. Then we also have the p-adic comparison isomorphism 

H^ R {A X ) ®« B dR H^iAx^Qp) ®Q P B dR . 

Proposition 4.1.11. Under the p-adic comparison isomorphism above, s a _dR,x is carried to 

Proof. This is the main result of [Bla94 , which applies directly when A x is in fact defined over 
a number field. For the generality we need, as pointed out in |Moo981 5.6.3], we can either 
appeal to a trick of Lieberman as in Vas99, 5.2.16], or we can directly use the fact that A x 
arises from the family A defined over the number field E. □ 

4.2. Compactifications in characteristic 0. 
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4.2.1. Let (G, A) be a Shimura datum, and suppose G ad = G\ x G2 x • • • x G r , where, for 
each i = 1, 2, . . . , r, Gj is a Q-simple group. 

Definition 4.2.2. An admissible parabolic sub-group P C G ad is one of the form Pi x 
P 2 x • • • x P r , where, for each z, Pj C Gi is a parabolic sub-group. Furthermore, we require: 

• For each i, cither Pj = Gi or Pi is a maximal proper parabolic sub-group. 

• There is at most one i such that Pi ^ G L . 

In particular, G ad is an admissible parabolic sub-group of itself. 

In general, an admissible parabolic sub-group of G is the pre-image of an admissible 
parabolic sub-group of G ad . 

Remark 4.2.3. An admissible parabolic corresponds to a rational boundary component F 

in the the terminology of |AMRT10|. §111]. 

Let P C G be an admissible parabolic sub-group and let Up C P be its unipotent radical. 
Let 

■ • • D (Lie G)i D (Lie G) = Lie P D (Lie G)_ x D (Lie G)_ 2 D • ■ ■ 

be the natural increasing filtration stabilized by P. Then Lie Up = (LieG)_i and \AeUp 2 = 
(LieG)_2, where Up 2 is the center of Up. Choose a co-character w : G m — > P splitting this 
natural filtration, and satisfying wWq 1 (G m ) C G dcr . Here, wo is the weight co-character of the 
Shimura datum (G, A) (cf. !4.1.2|) . and G dcr is the derived sub-group of G. Note that w endows 
every representation V of P with an increasing filtration W m V. 

Proposition 4.2.4. 

fi,) Given any x 6 A, and anj/ representation V of G, the filtration F*Vc induced by the 
map fi x : G m ,C Gc ( cf. \4-l-4\ ) determines a rational mixed Hodge structure on V , for 
which W m V is the weight filtration. In particular, F' Lie P endows Lie P with a polarized 
mixed Hodge structure of weights (—1, 1), (0, 0), (1, —1), (0, —1), (—1, 0), (—1, —1). 

(2) For every x G A, there is a canonically associated homomorphism 

vj x : §c = G m> c x G m x - > Pc 

splitting the mixed Hodge structure in (QP, and whose restriction to the diagonal em- 
bedding o/G mi c in §c is conjugate under P(C) to the co-character w. 

(3) Let Qp C P be the smallest normal sub-group such that the maps w x , as x ranges over 
X, factor through Qp,r. Let Gp,h be the image of Qp in Lp. If x and x' are in the 
same connected component of X , then vj x and oj x > are conjugate under Qp(M.)Up 2 (C). 
In particular, the assignment x 1— > w x maps every connected component A + of X into 
a Qp(M.)Up 2 (C) -orbit of co-characters §c —> Qp,c- This conjugacy class depends only 
on the Qp(W)-orbit of X + within 7To(A) ; and has a natural holomorphic structure, for 
which the assignment x 1— > vo x is holomorphic and P(R)-equivariant. 

(4) Let Qp(M.)Up (C) act on ttq(X) via the maps 

n (Q P (R)Up 2 (C)) = 7t (Qp(R)) -> tto(G(K)). 

Let 

F p 2 ^ + C 7T (A) x Hom(S c , Q P . C ) 

be the Qp(R)Up 2 (C)- orbit of {A + } x vj x , for any x E X + (this does not depend on 
the choice of x by fify). Consider the map 

<p : X -> tt (A) x Hom(S c ,Q c ) 
x 1 y ([x],w x ), 
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where [x] denotes the connected component containing X . Then the map ip : (p 1 (F PX +) 

(2) 

Fp x + * s an °P en immersion such that 7To(ty?) is an isomorphism. 
(5) Set F { px+ = U P 2 (C)\F p 2) x+ and F PfX + = U P (C)\F p 2) x+ . Then (G P , h ,F P<x +) is a 
Shimura datum with reflex field E(G,X). 

Proof. (HJ follows from |Bry83[ 4.1.5]; cf. also |Pin90[ §4] and jAMRTlOl §111.4]. In © w x is 
the map denoted uj x o h, x in Pin90, 4.6]. 

For ©and (gl), cf. |Pin90| 4.11]. That (G P , h ,F P>x +) is a Shimura datum follows from the 
description of the mixed Hodge structure on LieP in (JTJ, and the assertion about the reflex 
field can be found in |Pin90[ 12.1]. □ 

Remark 4.2.5. The pairs (Q Pl x+ > F px +) and (Q p , x + /U p x+ , F px+ ) are mixed Shimura 
data in the terminology of |Pin90[ Ch. 2]. The first of these is a rational boundary com- 
ponent of (G, X) in the terminology of Pin90j Ch. 4]. 

4.2.6. The exponential map gives us an isomorphism of group schemes Lie (U P 2 ) ^> U P 2 . 
From now on, for any Q-algebra R, we will use this isomorphism to identify U P 2 (R) with the 
free P-module LieU p 2 ®q R; in particular, t/p~ 2 (Q) will be a rational pure Hodge structure of 
weight (-1, -1). We will denote by U p 2 {Q)(-l) the twist of U p 2 (Q) that has weight (0, 0). 

Recall that, for any x € X, we obtain a Cartan involution a x — h x (i) of Gr. Let B 
be the Killing form on LieG. It follows from |Bry 83 , 4.1.2] that the pairing (_, _) CTx : (v,w) i— > 
B(y, a x (w)) induces a positive definite symmetric pairing on C/p 2 (M), and hence on U P 2 (R)(— 1). 
Given a connected component X + C X, we have a canonical continuous map F px+ — > 
[7 p 2 (R)(-l) defined as follows: To every ([x],n7) G F px + it attaches the unique element 
w e U P 2 (R)(— 1) such that wtuw -1 is defined over K. 

Lemma 4.2.7. There is a canonical open homogeneous self-adjoint (with respect to the pairing 
(_, _) CTa ,, for any choice of x *E X ) convex cone H PX + C U p 2 (JH)(— 1) swc/i that X + C Pp 2 ]<-+ is 
the pre-image of Hp X + under the map described above. 

Proof. This follows from |Pin90[ 4.15]. □ 

Lemma 4.2.8. Let Pi,P 2 C G be two admissible parabolics, and fix 7 £ G(Q). Then the 
following statements are equivalent: 

(1) -fUp 2 -/' 1 D U P 2 . 

(2) jQp^- 1 cQpI 

Proof. See jAMRTlOl III.4.8]. □ 

When Pi, Pi, 7 satisfy the equivalent conditions of the lemma above, we denote this situation 
by Pi P2. If, in addition, and X^ are two connected components of X such that 
7 • X± = X% , we will write (Pi,X^) (P^jX^)- For any admissible parabolic P C G 
and any connected component AT + of X, let HJ, X+ be the union of the cones 7 _1 Hp 2 x +j C 

C/ p 2 (]R)(-l), for all 7,P 2 ,X+ such that (P,X+) ^> (P 2 ,X+). 

4.2.9. Given a Shimura datum (G,X) and a compact open K C G(Af), we denote by 
CLR^(G, X) the category whose objects are cusp label representatives (CLRs for short) 
for (G,X) of level If: these are triples (P, X + , g), where P C G is an admissible parabolic, 
X + is a connected component of X, and g € G(At). A map (Pi, , <?i) (P2,X^~,g 2 ) is an 
clement 7 € G(Q) such that: 

• (Pi,^i + ) (P 2 ,X+); cf. the discussion after |g23J. 
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• 73i G Qp 2 (A f )g 2 K. 

Given an object $ in CLR^ (G, X), we will denote by (P$, X$ , g$) the corresponding tuple. 
We also have a long list of associated gadgets: 

(1) The algebraic groups Q$ = Q P$ , U^ 2 = Ppj 2 , G$, ft = G Pil ,, h . 

(2) The spaces pf = F^F^ = = 

(3) The Shimura datum -Fb) , and the compact open i*T$ c G$,/i(A/), obtained as 
the image of A^, ; := Q$(A/J n g<s>Kg^, . 

(4) The Shimura variety Sh^ := Shx # [G^,h, P*) defined over the reflex field P(G, A). 

(5) Over Sh^-,,, , there is a natural abelian scheme G$ , whose complex points can be identified 
with the space Q^(Q)\F^ x Q fl> (A f )/K {2) . 

(6) The free abelian groups B$ = P$ 2 (Q) 17 g^Kg^ 1 and S$ = B$, and the Z-torus E$ 
with character group B$. 

(7) Over C$, there is a natural E$-torsor £<j>, whose complex points can be identified with 
the space Q*(Q)\4 2) x Q^{K f )/K {2) . 

(8) The homogeneous self-adjoint cone H$ = H p ^ x + contained in the cone = H^, x+ C 

^ 2 (R)(-i). 

(9) The discrete sub-group T$ C Aut(H$) : it is the biggest quotient of the group Aut(3>) = 
P#(Q) + Pi Q$(A/).g$A"g < ^ 1 that acts faithfully on B$. Here, P$(Q) + is the stabilizer 
inP J >(Q)ofA+ 

These are functorial in $ in the evident ways. In particular, a map $ — > induces an 
embedding 7* : HJ, via conjugation by 7 _1 . 

Remark 4.2.10. The varieties G$ and are the (canonical models of) mixed Shimura varieties 
in the terminology of [Pin90 ( Ch. 3]. They correspond to the mixed Shimura data seen in 

gup . 

There is an action of G(Q) on CLR A -(G, X) given, for r, G G(Q), by 

r? : ((Pl, A+ ^> (P 2 , A+, ff2 )) ^ ((Pf , ,7 ■ A+ Wl ) ^> (P 2 ", r? ■ A+, n.g 2 )) . 

We also have an action of A on CLR A (G, X) given, for k G A, by 

fc : ((P^A+sx) ^> (P 2 W+,.g 2 )) ^ ((P l5 A+, 9l k) ^ (P 2 ,X+,g 2 k)). 

Lemma 4.2.11. Let t : (G, A) <-> (G',X') be an embedding of Shimura data. Fix g G G'(Af), 
and let A' C G'(Af), A C G(Af) be compact open sub-groups such that 4(A) C gK'g^ 1 . Then: 

(1) There is a canonical functor 

(4,3), : CLRx(G, A) -»• CLR A -,(G', A'). 

(2) Let $ G CLR A (G,A) and let = (4,5)*$. Then the embedding G G' induces 
natural inclusions [/$ C , U^, 2 C U^ 2 , B$ C B$/, H$ C H$/, Q$ C 
K (2) C A^ 2) and A$ C AV . 

(S; 7/3-1 $2 is a map in CLR A (G, A) smc/i i/iai (4, </)*7 is an isomorphism, then so is 
7- 

(Vj Por $ G CLR A (G, A) wif/i $' = (4,g)*$ G CLR/ f /(G / , A'), i/iere is a natural map 

(2) (2) 

of mixed Shimura data (Q$,P<(, ) — > (Q*',P$/ ), inducing maps — ► G$ — >• G<j>' 
and Sh^-,,, — > Sh A < 0/ mixed Shimura varieties over E{G,X). 

Proof. This is straightforward. The main point is that, for any admissible parabolic sub-group 
P C G, there is a unique admissible parabolic P' C G' such that P' (7 G = P; cf. |Pin90[ 4.16]. 
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Given this, the functor (i, <?)* sends (P, X + ,h) to (P',X ,+ ,i(h)g), where A ,+ is the connected 
component of X' containing X + . The properties in the second assertion are now easily checked. 

For ([3l the only thing to observe is that, if $ = (P$,X$,h) and {b,g)*<& = (P$/, X$,, hg), 
then Pj, = Pj,/ n G. 

Finally, © is a consequence of |Pin901 11.10,11.18]. □ 

Definition 4.2.12. A cusp label for (G, X, K) is an isomorphism class of objects in CLRk-(G, X). 
We will denote the set of cusp labels for (G, X, K) by Cusp K (G, X). 

Remark 4.2.13. If, for every CLR Q$(Q) acts transitively on the set of connected components 
of X, then one can easily check that the following definition is equivalent to the one above: 
A cusp label for (G,X,K) is an equivalence class of pairs (P,g), where P is an admissible 
parabolic sub-group of G, and g G G(A/), where the equivalence relation is as follows: (P, g) ~ 
{P',g') if there exists 7 G G(Q) such that 7P7" 1 = P' and 73 G Q P >{Kf)g'K. 

Definition 4.2.14. We will now give a long sequence of definitions that have to do with cone 
decompositions. See [KKMSD73, §1.2] or |Pin90[ §5.1] for further details and any unexplained 
terminology. 

(1) Given $ G CLR^ (G, X), a rational polyhedral cone u C is a convex polyhedral 
cone generated by finitely many elements in U^ 2 (Q). We say that a is non-degenerate 
if it does not contain any lines. We say that a is smooth if it is generated by part of 
a basis for B$. Our convention is that all polyhedral cones are closed. 

(2) A rational partial polyhedral cone decomposition or rpped for is a 
collection of rational, non-degenerate, polyhedral cones of such that : 

(a) Any face of a cone in £$ is again a cone in £$. 

(b) The intersection of any two cones in £$ is a face of both of them. 

Given an rpped £$ for HJ, let S|, C £$ be the collection of cones er, whose interior 
0° lies in H$. 

(3) An rpped £$ for HJ, is smooth if every cone in £$ is smooth. It is complete if the 
union of cones in £$ is all of . 

(4) An rpped £$ for HJ, is a refinement of another decomposition SJ, if every cone G £ J 
is the union of cones in £$ that are contained in er. 

(5) A compatible rpped E for (G, X, K) is a functorial assignment of an rpped £$ to 
every $ G CLR^ (G, A). By this, we mean that, for every map <E> ^> 

E*/ - (7*)^$ := {(7TV) : <t G £$}, 

where 7* : HJ,, <^-> HJ is the induced embedding of cones. We say that £ is smooth 
(resp. complete) if every £$ is smooth (resp. complete). 

(6) A compatible rpped £ for (G, X, K) is a refinement of another compatible rpped £' 
if, for every $ G CLRk(G, X), £$ is a refinement of £j,. 

(7) The disjoint union |_l$eCLR K (G x) ^* nas a natural left action by G(Q) and a natural 
right action by K over the corresponding actions on CLR/f(G, X). We say that £ is 
admissible if the double coset space 

G(Q)\ □ £*/A 

$GCLR K (G,A') 

is finite. This is equivalent to requiring that, for each <I>, the number of Aut($)-orbits 
in £$ is finite. 

(8) Given an admissible rpped £ for (G, A, K), let Cusp^-(G, A) be the set of equivalence 
classes of pairs (3?,er), where $ G CLRjf(G, A) and er G £J. Here, we say that two 
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such pairs ($, a) and (<£', cr') are equivalent if there is an isomorphism $ — > <&' such 
that (7*) _1 cr = cr'. 

(9) Given an admissible E and [($, cr)] e Cusp^-(G, X), a face of [($, cr)] is an equivalence 

class in Cusp^(G, x ) °f tne f° rm [($', f')]) wnere , f° r some 7 G G(Q), ^> $ and cr' 
is a face of (t*) -1 ^). 

(10) Unless otherwise indicated, we will also impose the following condition on admissible 
rppcds E (cf. [Lan08l 6.5.2.25] ;[Pm90l 7.12]): Given $ g CLR K (G,Jf) and cr g 1]$, 
let $ ^> $' be a map such that cr is in the image of 7* : H$< C H$'. Then we require 
any automorphism rj g T$ with cr n cr 7^ to act trivially on 7*(H$). 

Remark 4.2.15. Our definition of an admissible rppcd is stricter than the ones found in [Har89] 
and |Pin90j (which are themselves slightly different from each other). In particular, our 'ad- 
missible' is Pink's 'finite admissible' in Pin90] . Our definition, however, agrees with the one 
found in [Lan08] in the PEL case. 

Remark 4.2.16. We know from [AMRT101 Ch. II] and |Pin901 Ch. 9] that complete admissible 
compatible rppcds exist. Moreover, every admissible rppcd admits a smooth refinement, and 
any two admissible rppcds admit a common refinement. For any prime p, we can ensure that 
condition (fTU|) is valid by shrinking the prime-to-p part K p of K; cf. |Pin90[ 7.13]. 

Definition 4.2.17. We will say that a CLR $ for (G, X, K) is improper if P$ = G. A cusp 
label [$] is improper if it is the class of an improper CLR. For an improper CLR $, the 
unipotent radical t/$, and hence the objects U^ 2 and H$, are trivial. Moreover, H := Q$ C G 
is the smallest normal Q-rational sub-group generated by X, and is reductive. The improper 
cusp labels are in bijection with the double coset space G(Q)iT(A/)\G(A/) /K, and given such 
a cusp label [<&], and any admissible rppcd E, we will also denote by [$] the unique class in 
Cusp^-(G, X) that it gives rise to. 

4.2.18. Let E be an admissible rppcd for (G, X, K), and let Sh^(G, X) be the associated 
partial toroidal compactification of Shif(G, X), Suppose $ and $' are representatives of the 
same class in Cusp K (G, X), and let 7 g G(Q) be an element such that <& $'. Conjugation 
by 7 gives a morphism int(7) : -F^ 2 " 1 ) — > (Q$' , F^P) of mixed Shimura data. Suppose 

that q S Q<s>'(Af) is such that 73$ g qg^K; then int(7)(iT$) = qK&q -1 . We therefore 
get a map [7, q] : — > of mixed Shimura varieties. On the level of complex points, for 
(w,g) g F$ x Q$(A/), we have [7, g]([(w,c/)]) = [(7 -cj, int(7)(g)g)]; that this map descends to 
a map of varieties over E(G, X) follows from |Pin901 11.10]. It is easy to check from its explicit 
description over C that [7, q] depends only on 7 and not on the choice of q; we will therefore 
denote it simply by [7]. 

Theorem 4.2.19 (Ash-Mumford-Rapoport,Pink). Assume now that K is neat. Given any 
admissible rppcd E for [G, X, K), there exists an algebraic space Sh|(G,X) over E(G, X) 
containing Sh^ (G, X) as an open dense sub-variety and satisfying the following properties: 

(1) The complement D| ofSh K (G,X) mSh|(G,X) is an effective Cartier divisor, along 
which Sh K (G, X) has at most toroidal singularities. 

(2) IfT, is complete, then Sh^-(G, X) is proper; i/E is smooth, then Sh^-(G, X) is smooth. 

(3) There is a stratification by smooth locally closed sub-varieties 

Shx(G,X)= \_j %*,<7)], 
[(*,*)] 

where [(<!>, cr)] ranges over Cusp^(G, X). In this stratification, Zu$ tCr \i is in the closure 
of Zu&i j0 v\i if and only if [(<£>', cr')] is a face of [($, cr)]. In particular, the strata of the 
form Zi$\, for [$] improper are open and closed in Sh^-(G, X). 
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(4) For every [($,cr)] S Cusp§-(G, X) with representative ($,cr), 2r($ )0 .)i is canonically 
isomorphic to the closed stratum Z$ (er) in the twisted torus embedding (a) — x E * 
E$(cr). In fact, the completion of Sh K (G, X) along Zu& tCT \] is canonically isomorphic 
to the completion o/£$((t) along Z$(a). In particular, Shx(G, X) itself is the union of 
the strata indexed by the improper cusp labels. 

(5) Suppose that (3>,cr) and (<£>', cr') are two representatives of a class in Cusp K (G, X), 
and let 7 € G(Q) be such that $ <£>' and j*a' = a. Then the following diagram 
commutes: 



^[(*,<7)] 




Here the isomorphism [7] in the bottom row is the one induced from the isomorphism 
[7] : — > £$' discussed in ^4.2.18^ , and the diagonal maps are the isomorphisms from 

Proof. This follows from |Pin90[ 12.4]. □ 

Lemma 4.2.20. Suppose that we are given an embedding t : (G,X) <—t (G',X') of Shimura 
data. Let K,K',g be as in \4-2.11% so that there is a functor 

(i,g)* : CLR K (G,X) -> CLR K ,{G' ,X'). 

(1) Every compatible rppcd £' for (G',X',K') naturally gives rise to a compatible rppcd 
E = ( t , «?)*£' for(G,X,K). 

(2) i/E' is admissible (resp. complete), then £ is also admissible (resp. complete). 

(3) IfYi is any admissible rppcd for (G, X, K), then we can find an admissible rppcd £' for 
(G',X', K') such that (t,g)*T,' is a refinement o/E. 

(4) In Q), we can choose £' such that both £' and (t, £/)*£' are smooth. 

Proof. For $ e CLR K (G, X) with $' = (t, S CLR K (G, X), there is a natural embedding 
of groups U^ 2 C U^i 2 inducing an embedding cones H|, c HJ,, . So the rational cone decompo- 
sition £$< will determine a rational cone decomposition E$ for HJ. This gives us the induced 
compatible rppcd E = (t, <?)*£' in ((T|). 

As for ([2]), the inheritance of completeness by E is clear. The inheritance of admissibility 
follows from jHar89l 3.3]. 

We will only indicate the idea of the proofs of (0J and (gj); cf. also |HorlQ[ 2.4.12]. For ©, 
we proceed as follows: For each <£>' S CLRff(G, X), we will define a new cone decomposition 
E^,, for HJ, as follows: it will consist of the intersection of the cones in E$ with the cones in E$ 
along the inclusions HJ <— >• HJ, associated with any $ 6 CLRx(G, X) such that $' = (1, (7)*$. 
One can check now that the £J, defined in this way patch together to give an admissible rppcd 
for (G', X', K'); clearly, (t,g)*£' refines E. Finally, for (j4]), take any smooth refinement E" of 
the just constructed E'. Then, by construction, (t, <?)*£" will also be smooth. □ 

Proposition 4.2.21. Let l : (G,X) (G',X') be an embedding of Shimura data, and let 
K,K',g be as in \4-2.20\j . Suppose that both K and K' are neat. Let £' be an admissible rppcd 
for (G ', X',K') and let E be an admissible rppcd for (G,X,K) refining the one induced from 
£' via gXggP QP. 

flj There exists a natural map [<?]^'^/ : ShJ^-(G, JT) — > ShJ^/(G', X') extending the map 
[g]i<.K' '■ SIik(G, X) Sh/f(G',X') induced by the map {i,g) of Shimura data. 
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(2) Under the map in (QP, for any [($,cr)] G Cusp^-(G, X) , the stratum Zu^ >cr \\ maps into 
the stratum Zu&i^ a i\\, where [(<£', <r')] G Cusp^-, (G' , X') is determined in the following 
way: = (t, g)*3> and <r' G E^,, is i/ie minimal cone that contains a. 

(3) For ($,(7) and (<!>', <r') as in i/ie map [<?][(*, CT )] : ^[($,a-)l ~^ ^[(#',ct')1 can ^ e described 
as follows: The natural map of mixed Shimura varieties —¥ is a ~E$-equivariant 
map over the natural map Cj> — > C$<. Now, is isomorphic to the map be- 
tween the closed stratum Z^[a) C £#(<x) into the closed stratum of Zq>>(o~') C £$'(cr'). 
Similarly, the induced map [g]^ a ^ on the completion of Sh K (G, X) along Z[($.<t)] is 
isomorphic to the natural map between the completions of and £$'(er') along their 
closed strata. 

Proof. See |Pin901 6.25,12.4]. □ 
4.3. Chai-Faltings compactifications. 

4.3.1. Suppose (G, X) = (GSp,S ± ) is the Siegel Shimura datum associated with a symplectic 
space (V, ip) over Q. In this case, any maximal parabolic PcGis the stabilizer of an isotropic 
sub-space W C V; or, equivalently, of the filtration 

= W- 3 V C W- 2 V = W C W-iV = W L C W V = V. 

X is the union of two connected components, and the choice of connected component can be 
seen as the choice of an isomorphism of vector spaces Q ^> Q(l); in other words, as a choice 
of orientation for C. In particular, choosing a connected component X + of X gives us an 
isomorphism [/~ 2 (Q)(-1) ^ Up 2 {Q). 
We now see (cf. [Mor08l 1.2]): 

• Up 2 C P is the sub-group of elements acting trivially on W-\V and can be identified 
with the group of homomorphisms V/W-iV — > W-2V, which are symmetric with 
respect to the identification W-2V — (V/W-iV) induced by ip. In particular, we can 
identify Up 2 (Q>) with the group of symmetric bilinear pairings on V/W-iV. 

• i P is identified with the sub-group of GL(W^ 2 V) x GSp(gr M/ 1 V) x GL(gr^ V) consist- 
ing of elements (51,52,53), where g\ = g\ under the identification W-2V = (V/W-iV) V . 

• Qp C P is the normal sub-group of elements acting trivially on grg V: it acts transi- 
tively on the connected components of S 1 * 1 . 

• Gp : h = GSp(gr^ V), and the Shimura datum (Gp t h,Xp) is simply the Siegel Shimura 
datum associated with the symplectic space (gr^ V, gr^ ip) (with the agreed upon 
meaning when gr^ V = 0; cf. 14.1. 6p . 

• Given a connected component X + , the cone H P x + C Up 2 (M.)(— 1) is the pre-image 
of the cone of positive definite symmetric pairings on V/W—iV under the isomorphism 
U P 2 (Q)(-l) U P 2 (Q) afforded by the choice of X+. H* PX+ is the pre-image of the 
cone of positive semi-definite symmetric pairings on V/W-\V. 

4.3.2. Let Vz C V be a polarized Z-lattice with discriminant d 2 . We would like to reconcile 
the present notion of cusp labels with the one introduced in (|3.1.7[) . Fix n G Z >0 , and set 

K(n) = GSp(A/) p|ker^GL(Vz ® Z) -> GL(V Z g> (Z/nZ))^ C GSp(Ay). 

This is the level n sub-group associated with Vz- Let My !in ^ be the moduli space from 
(|3.1.1j) : then its fiber over Q is canonically identified with Sh^n) (GSp(V), S ± ). From now on, 
we will write S^x^n) f° r the fiber of ~bAvj.,n,i> over ^ [*!?] • 

Lemma 4.3.3. 
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(1) There is a bijection between the set of cusp labels for (GSp, S ± , K{n)) defined in gX7| j 
and the set of cusp labels for (Vz,ip) a ^ level n defined in 13.1.7)) . 

(2) Let [$] be a cusp label for (GSp, S ± , K(n)), and let [(W. Vg/ nZ , 5)] &e i/ie corre- 
sponding cusp label for (Vz, ip) at level n. Then the free abelian groups B$ from \4-.2.9\ ) 
and B$/ from 13.1.13)) are naturally identified. In particular, the tori E$ and E$/ are 
naturally identified. 

(3) Let [$] and [(W, V^/nZj ^'i 5)] be as above. Then the fiber over Q o/ i/ie tower 

3$'^ — >■ C$'^ — > Mff, 

o/ an E$-torsor over an abelian scheme over M-yv. considered in § [XT] is naturally 
isomorphic to the analogous tower — > C$ — > Sh^-(„) # /rom ^4.2.19\ l(^\l. 

Proof. By (|4.3.ip and (|4.2.13|) . a cusp label for (G, X, AT(n)) is an equivalence class of pairs 
(W,V,g), where W,V is a three step filtration of V: 

= iy_ 3 U C W- 2 V C IU-iU = (^-a^)^ C W V = V; 

and g G GSp(A/). Under this equivalence relation, (W.V, #) and {W m V,g') are equivalent 
if there exists 7 G GSp(Q) such that j(W.V) = W',V , and if jg G Q P >(A f )g'K(n), where 
P' C GSp is the parabolic sub-group stabilizing Vt^y and Q P > C P' is as in (|4.3.1[) . 

Given a pair (W,V,g), we can define an associated torus argument as in (|3. 1 .4|) for the 
induced filtration W,Vz/ n z as follows (cf. also |LanlOal §3.1]): Set V^ g) = g ■ V z C V kf . We 
take y = gr^ vj g) and X = Rom(W 2 V^ 9) , Z) ; A 6t : y -> X will be the map induced by the 
pairing between gr^ V and W2V; the maps 93®* and v?™"" will just be the reduction mod-n of 
the isomorphisms gr^ 7 V% ^> gr^ V^f* induced by multiplication by g. The cusp label (in the 
sense of (|3.1.7[) ) associated with the pair (W,V,g) will now be represented by (W.Vz/ n z, <&', S), 
where S is any splitting of W.V%/ n z. It is now easy to check that this assignment defines a 
bijection as in ([1]), and that it satisfies j2j. 

Finally, © is a consequence of jLanlOal 3.6.11]. Note that M w . has the meaning explained 
in till when gr™ U z/ „ z = 0. □ 

Remark 4.3.4. In the situation of (|3|) above, we will write the tower 3$/^ — > C$'^ — > Mw. as 
3$ — > C$ — > ^Kin)^ ■ Implicit in this notation is the fact that the tower only depends on the 
cusp label [$] for (GSp, S ± , K{n)). 

4.3.5. Suppos that we have $ G CLR^-( n )(GSp, S ± ) and a C H$. The description in (|3. 1.131) 
shows that over 3$(cr) there is a canonical polarized log 1-motif (Q($ a \ , A($ i<T )) attached to 
the tautological tuple 

(B, y X, c$ , c$ , A ab , A ct , T ( $ ) . 

The fact that a lies within H$ implies that the polarization is in fact positive. 

Given an affine open SpecP C 3$(cr), let Spf R be its completion along the closed stratum 
of 3$(ct). Equip Spec R with the induced log structure, and let U C Spec R be the complement 
of the boundary divisor; then by (|2.3.4j) . the positively polarized log 1-motif (Q($ l<7 ), A($ !<7 )) 
gives rise to a polarized abelian scheme (A, A) over U that extends to a semi-abelian scheme 
over Spec P. 

Moreover, there exist: a tautological full level- n structure on B, and liftings c$ ;M , n and 
T (<5,!r),n °f c $, and T($ CT ), respectively. These combine to equip (A, A) with a full level-n 
structure and determine a canonical morphism U — > ^KOn)- 

4.3.6. What follows is the main global theorem in the theory of integral toroidal compactifi- 
cations. 
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Theorem 4.3.7 (Chai-Faltings,Lan). Fix n > 3 and let K — K(n). Given a smooth admissible 
rppcd £ for (GSp, S^, K), there exists a smooth algebraic space J/j| — J^(GSp, S ± ) overly [-jM 
containing S^k as a open dense sub-scheme and satisfying the following properties: 

(1) The boundary D^- = J?^\J^a' is a relative effective Cartier divisor with normal cross- 
ings, and equipped with the associated log structure, is log smooth over Z [^1 . 

(2) IfTu is complete, then ,5?]^ * s proper over 7L [-is] . 

(3) The generic fiber J^igjQ is naturally isomorphic to the partial toroidal compactification 
Sh|(GSp,S ± ) o/Sh K (GSp,S ± ) defined in U±l&jj . 

(4) S^Jf- admits a stratification by smooth sub-schemes: 

y K= \_\ Z [(*,<0]> 

where [($,cr)] ranges over Cusp^-(GSp, S^). This is compatible with the stratification 
of its generic fiber in I4.2.19ty (3$). 

(5) For every [($,ct)] G Cusp^>(GSp, S^) with representative (4>,<r), is canonically 
isomorphic to the closed stratum Z$(er) in the twisted torus embedding H$(cr). In fact, 
the completion X[($ i(T )] of .S^J? along Z^ a ^ is canonically isomorphic to the completion 
o/E$(er) along Z$ (a). 

(6) Every complete £ admits a refinement £' such that is projective. 

Proof. Assertions ©, ©, ((J) and © follow from |Lan081 6.4.1.1]; cf. also [FC901 §V.2]. Let 
X$(cr) be the completion of E$(er) along its closed stratum. The canonical strata preserving 
map 

j : X$(cr) -t 3C[($, CT )] 

implicit in the statement of (O is characterized by the following property: As in (14.3. 5p . suppose 
that we are given an affine open Spec R C H$ (a) with completion Spf R along the closed 
stratum. Let U C Spec R be the complement of the boundary divisor. Then the restriction of 
j to Spf R is the unique map arising from the canonical map U — > -S^Kin) described in loc. cit. 

As for ©, this follows from [LanlOal 4.1.1], though some care must be taken to descend the 
cited assertion from C down to the reflex field. To do this, we take the Zariski closure A tor 
of the diagonal A c Sh*(GSp, S ± ) x Sh K (GSp, S ± ) in Sh|(GSp, S ± ) x (j?f ® Q). We have 
to check that A tor is the graph of an isomorphism; that is, it maps isomorphically onto both 
factors. This can be done over C, which is precisely what is accomplished in the proof of loc. 
cit. 

Note that in [FC90 , Lan08 , LanlOa] . all admissible rppcds £ are assumed to be complete, 
but the construction, and its comparison with the analytic construction, go through for any 
smooth admissible rppcd. 

Finally, © follows from [FC901 V.5.8] (cf. also |Lan081 7.3.3.4]). □ 

4.4. Intersection with the boundary and Morita's conjecture. 

4.4.1. Fix a Shimura datum (G,X) and an embedding i : (G,X) ^ (GSp,S ± ). Let (V,ip) 
be the symplectic space to which GSp is attached. Fix a polarized Z-lattice Vz C V, and let 
d = $(Vrj/ /Vz) be its discriminant: we will assume that (p, d) — 1. For every integer n such 
that (n,pd) = 1, let K'(n) C GSp(A/) be the sub-group of level n associated with Vz, and let 
K(n)=K'(n)nG(Af). 

For n > 3 large enough, it follows from (|4.1.5[) that there is a closed embedding of Shimura 
varieties Sh K ( n )(G, X) <-} Shx<(„)(GSp, S ± )e over the reflex field E = E(G,X). Note that 
Shff'(n) (GSp, S^) is just the fine moduli space My z/nIi y, <8>z[i/n] Q introduced in (|3.1.1[) . and as 
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such has the canonical integral model oS^/(„)(GSp, S ) = Mv !/tilj ^ over Z [^] . Let v\p be a 
prime of £7 lying above p; let be the completion of E along v, and let 0e,Ov) be its ring of 
integers. Let ^K(n){G, X) be the Zariski closure of Shx(„)(G, X) in S^K'{n) (GSp, S , } . To 
keep notation light, we will write K' for K'(n), K for K(n), and we will contract the notation 
for the ^E i („)-schemes ^^(^(GSp, S )^> B , , and S^K{n)(G, X) to ,5^/ and -Yk, respectively. 
Similarly, we will denote Shx'(„)(GSp, S ± )_e and Shj(/ n \ [G, X) by Sh^/ and Sh#, respectively. 

Fix $ G CLR^<(GSp, S ), a rational polyhedral cone a C H$, and suppose that xo is a 
closed point in the closed stratum Z$(<r)^ E ( , C H$(cr)^ E , . . We will assume that x$ is valued 
in a finite field k of characteristic p. Let R<s>, a .x a be the complete local ring of H$(cr) at 2?o, 
and let R^^.xo,v be its base change over By the discussion in fj4.3.5f) . the complement 

aXoV of the boundary divisor in Spec R$,a t x ,v admits a canonical map to S^k 1 ■ 

Abusing notation, we will write S^k H U%, a x for the pull-back of over U% a . 

Definition 4.4.2. We will say that Spec R<t>, a , Xo ,v intersects a t %o if the Zariski closure 
of the image of fl E/£ axg in Spec R&,o-,x a ,v contains the closed point. 

In this case, we will write T^ a xo for the quotient of R^. a ,x ,v attached to this Zariski closure. 

4.4.3. Let <!>, a and Xq be as above, and suppose that k(xo) is a finite field of characteristic 
p. As in (|3.2[) . denote by (Qo,Xo) the induced polarized log 1-motif over k(xo). Let L/W{k)q 
be a finite extension, and let x : Spec^L — > H$(cr) be a lift of xo carrying the generic point 
into the complement of Z$(ct). Then we have the induced polarized log 1-motif (Q x ,^x) over 
&l- Also, by the above discussion, a;|s P ecL can be canonically viewed as a point of S^k-, and if 
A x is the attached abelian variety over L, it follows from (|2.3.4p that there exists a canonical 
isomorphism of filtered L- vector spaces: 

H^iAx/L) A H^iQx) ®e L L. 

Similarly, if we fix an algebraic closure L/L, there exists a canonical isomorphism of Gal(L/L)- 
modules: 

Fix a uniformizcr tt € ffi,, and let W = W(k); then (|2.4.10l) shows that we have natural 
comparison isomorphisms: 

(4.4.3.1) O(Q )(W*, a ) ®w L ^ ^(A/i). 

(4.4.3.2) D(Oo)(W»,a) ®w Art ^ H| t (A xX ,Z p ) 8> Zp At 

4.4.4. Choose tensors {s Q } C T^® such that G C GSp is their pointwise stabilizer. Let VdR,E 
be the relative first de Rham cohomology of the universal abelian scheme A over Sh^'- By 
(|4.1.10[) . we now obtain parallel Hodge tensors over Shx : 

K,dR}cinShK,F°(V d %) V =°). 

Also, for any field ft/Q with algebraic closure k, and any point x € S1i#-(k), we obtain a 
canonical collection of Gal(7c/«;)-mvariant tensors 

{*a,a,*}cf&(^ )W ,Qp)® 

The point-wise stabilizer of this collection is isomorphic to Gq p and is therefore reductive. 

Now, fix $, cr and xo 6 Z$(er)^> E ( . (fc) as above, and assume that Speci?$ j(Tia ; intersects S?k 
at Xq. Choose a finite extension L/E v such that the generic fiber of every irreducible component 
of Spec(T$ a x ®ff E @l) is geometrically irreducible over L. Let L' / L be a finite extension such 
that there exists an L'-valued point x : SpecL' — > ,5^k H E/,| specializing to xo- Then we 
obtain a collection of Tate tensors {s a , Xo } C B(<9o)(W*,<t) via the process described in (|3.3.4[) : 
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This uses the p-adic comparison isomorphism (|4.4.3.2[) (for a given choice of uniformizer tt £ &l) 
and the Galois-invariant collection {s a M,x} contained in H^ t (^A x j^,Q p )^' . 

Proposition 4.4.5. Let Z be an irreducible component of Spec(T$ ;(TiXo ®e Eii Gh) containing 
x, and let T be its ring of functions. Then: 

(1) As a quotient of R<$> tCr ^ Xo ® &l, T is adapted to {s a ^ Xo } in the sense of h3.3.18)) . 

(2) The collection {s a , XQ } is independent of the lift x in LM(T) and the choice of uni- 
formizer 7r, and is therefore canonically attached to xq and the irreducible component 
SpecT. 

Proof. We will use some notation from (l4"X5l . Set R = u ° = U l, a ,x i & = (Spf i?) an 

and let U° C C/ an be the complement of the boundary divisor. Recall from (13.2. 13p that we 
have a canonical (p-equivariant horizontal isomorphism 

£ : D(Qo)(W*,„) <E>w R an ' log ^ B(Q (9>a) )(R) <S> R i? an ' log 

Therefore, the tensors {s a , Xo } propagate to parallel, (^-invariant tensors {s an = £(s a , Xo )} con- 
tained in (D(Q ($-ff) )(i?) ® R Jjan.iog)®. By construction, (|4.1.11l) and the compatibility of the 
Hyodo-Kato isomorphism with £ (|3.2.15[) . the tensors {s an } are Hodge at x (cf. I3.3.8[) ; in fact, 
they specialize to the tensors {s Q ,dR,a;} C H^(A X )®- 

Also, if (.4, A) is the polarized abelian variety over U° attached to (Q(* )<7 ), A($ )<7 )), then we 
have (cf. 12.3.4)) a natural identification of filtered coherent sheaves 

®(Q($,«))\u^ t = Hl K (A/U°). 

Here, E/| ar is the Zariski site of U° . In particular, D(Q($ i<T ))|(.znL r ° ) Zar ^ s equipped with 
canonical horizontal Hodge tensors {s Qj( jr} that also specialize to {s aj( jR,a;} at x. 

Now, {s Qi dR} and {s an } are horizontal tensors that agree at the point x of the smooth, 
geometrically irreducible space i? an fl ?/£. So, for any x' £ LM(T) and any a, the specialization 
of s an at x' is equal to s a .dR, x >. In particular, the collection {s an } is Hodge at every x' £ 
LM(T). Since the dimensional criterion in (I3.3.17[) (l2"j) can be verified from the complex analytic 
uniformization of Shif(C), this finishes the proof of fl]). 

([2]) follows from the argument in the proof of [KislOl 2.3.5]. Suppose that x' £ LM(T) is 
another lift of xo and that {s 0iI j} is the resulting collection of Tate tensors (for some choice 
of uniformizer tt'). Then, by (|4.1.11[) . {s a ,dR,x'} is carried to {s 0iI j} under the Hyodo-Kato 
isomorphism. From the proof of (jT|) , it now follows that {s a y o } = {s a ^ Xo }. □ 

4.4.6. Choose any smooth admissible rppcd E' for (GSp, S , K'), and let E be the admissible 
rppcd for (G,X,K) induced from E' (cf. I4.2.20[) . Associated with this is the partial toroidal 
compactification y^, (cf. 14.3.7)) of S^k 1 ' This is an integral model over Ge.(v) of the partial 
toroidal compactification Sh^-; of Shx > from (|4.2.19|) . Let D^-, be the boundary divisor in y]£, , 
let be the Zariski closure of Sh^(G, X) in 

For every pair ($ G , a G ) £ CLR K (G, X) with image ($, a) in CLR A "(GSp, S ± ), let Z[($ G)0 . G )] 
be the Zariski closure of Zu& aaa )-\ vsxS^. Also, let Z$, G (ac) C £* g (og) (resp. Z$(cr) C 3$(cr)) 
be the closed stratum. Let Z$ g (ctg) (resp. C$ G , S"k^ g ) be the Zariski closure of Z<s> G (aa) 
(resp. C$ G , Shif <eG ) in Z$(cr)^ E (t)) (resp. C^^ EM ,y K ^^ E {v) ). 

Theorem 4.4.7. 

(1) The intersection = y^ fl D^-, is o relative Cartier divisor over (?e,(v) ■ 

(2) We have: 

^K= (J Z[($ GiCTG )], 
[{*o,ffo)] 
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where [($g,<7g)] ranges over Cusp^-(G, X). This is compatible with the stratification 
o/Sh|(G,X) described in U±19^ . 

(3) Z[($ G)<TG ji is canonically isomorphic to Z$ g (ctg)- 

(4) S^k is proper if and only if G is anisotropic modulo center. 

Proof. Q is a local statement. Let Xo £ ^k(^) ^ e a closed point valued in a finite field A; and 
lying in the [($, <j)]-stratum of S^,. We can view xq as a point in Z$(cr)(fc) and identify the 
complete local ring of 5^, at xo with R$, a ,x - Then, in the notation of (|4.4.5|l . the complete 
local ring of ^ at x is identified with T^^ Xo . Now, (14.4.5j) (fTl). combined with (|3.3.20p ([2]l. 
shows that D D^, is an effective relative Cartier divisor. 

(J5J) and ([3]) are now immediate. We only need to observe that if Sh^- is the partial toroidal 
compactification of Shft- attached to S, then the map Sh^- — > Shjf; is simply the normalization 
of the Zariski closure of Sh K in Shg-',; cf. |Har891 3.4]. 

By a result of Borel and Harish- Chandra |BHC62| 5.6] (cf. also |Pau04| 3.1.5]), G is 
anisotropic modulo center if and only if, for any level K C G(A/), the Shimura variety 
Sh K (G, X) is proper. Therefore, (@| is a consequence of ([T]): 5?k is proper precisely when 
S^k is proper, and the latter is proper precisely when the boundary D^- is empty for any rppcd 
E. Since D^- is flat over GeAv)i it is empty if and only if its generic fiber is. □ 

4.4.8. As stated in the introduction, from (|4.4.7[) , we can now easily deduce Morita's con- 
jecture. Let us recall the Mumford-Tate group MT^ associated with an abelian variety A 
over C: One way to define it is as the Tannaka group of the Tannakian sub-category of the 
category of polarizable rational Hodge structures generated by the rational Hodge structure 
i? 1 (A(C),Q) (cf. (DMOS82, §5]). In particular, it is a connected reductive group and there is 
a canonical map h A ■ § — > MTa,r that gives rise to the Hodge decomposition of i? 1 (A(C), C). 
The pair (MTa,Xa), where Xa is the MT^(K)-conjugacy class of h a, is a Shimura datum of 
Hodge type. 

Suppose now that A is defined over a number field F. The Mumford-Tate group MT^ 
of A is MT^a, for any embedding a : F <-» C. The main result of [DMOS82] shows that 
MTa does not depend on the choice of embedding. The following theorem is originally due to 
Paugam-Vasiu-Lee [Pau04irVas08llLeel2j . 

Theorem 4.4.9. Suppose that MT^ is anisotropic modulo center. Then A has potentially good 
reduction at all finite places of F. 

Proof. Extending F if necessary, we can assume that it contains the reflex field E = E(MTa, Xa) 
Fix a : F C, and set V = H 1 (cr*A(C), Q) equipped with a pairing attached to some polar- 
ization of a* A. We then have a natural embedding of Shimura data: 

(MT A ,X A ) ^ (GSp(y),S ± ). 

Fix a prime p and a place v\p for E. Choose Vz C V, n > 3 and a cone decomposition £' as in 
(|4.4.ip . Let S?K, be the attached Chai-Faltings compactification over GeSv) as hi loc. cit.. 

With K = K' n MTa(Aj), we see from |Vas081 Fact 2.6] that, in order to show that A has 
potentially good reduction at any place w\v of F, it is enough to show that the Zariski closure 
y K of Sh. K {MT A ,X A ) in y K , is proper. We have shown this already in (14.4.71) (|4)). □ 

Remark 4.4.10. We note that in |Vasl2cl 2.2.6] Vasiu deduces the properness of 5?k from the 
validity of Morita's conjecture. Our arrow of deduction points in the opposite direction. 
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4.4.11. Let S^k be the normalization of S^k- 11 we have more information about the local 
structure of the special fiber of ^k, we can improve on (|4.4.7j) . Let (^g^g) be an object 
in CLR^(G, X) with associated tuple ($,cr) in CLR A -< (GSp, S*). Let H$ G be the Zariski 
closure of £$ G in S$ t @ B and let H$ G be its normalization. This gives us a tower: 

where C$ G (resp. ) is the normalization of C$ G (resp. 

Lemma 4.4.12. Let 6e the residue field of E v , and suppose that the special fiber ■5 fi K,k(v) 
is reduced. Choose an algebraic closure k(v) of k(v), and let E™ be a maximal unramified 
extension of E v with residue field k(v). Then, for every point xq £ ,S^]^(k{v)) , the generic fibers 
of the irreducible components of \^k) x are geometrically irreducible over E^ T . 

Proof. Let Z be an irreducible component of {^k) x an< ^ ^ ^ ^ e ^ s rm § °f functions. Let 
Z be the normalization of Z and let T be its ring of functions. Note that T is again a local 
domain: this follows from |EGAIV21 7.8.3(vii)]. 

Also by loc. cit., T is the complete local ring for the normalization of ,5^]^ at a point lying 
above Xq. Let a € T be the equation defining the boundary divisor, and let n v be a uniformizer 
for E v . By (|4.4.7[) (ITj). and our hypothesis on -Yk, we see that that (T/7r 1 ,T)[a _1 ] is reduced 
and non-zero. 

We find from [EGAIV2I 4.5.10] that Zq is geometrically irreducible over E™ precisely when 
E™ is algebraically closed in the fraction field of T, which is of course also the fraction field of 
T[a-*}. 

So it now suffices to prove the following claim: If R is a faithfully flat normal domain over 
^ej. such that R/ir v R is reduced, then i?" r is algebraically closed in the fraction field of R. 
Indeed, localizing at a minimal prime over tt v R, we can assume that R is also a discrete valuation 
ring, and our assumption shows that R is unramified over G gn, . □ 

Theorem 4.4.13. Suppose that the special fiber ^kMv) * s reduced. Let be the normal- 
ization of 5^ . Then: 

(1) 5^ admits a stratification by normal, &E,(v)~fl a t sub-schemes: 

^K = |_J Z [(*g,<t g )]' 

[(*G,^g)] 

where [(^GjCg)] ranges over Cusp^-(G, X). This is compatible with the stratification 
o/Sh|(G,X) described in gXTgp Q}. 

(2) For every <&g in CLRrt(G, X), H$ G is an E$ G -torsor over C$ G . 

(3) Z[($ GjCTG )] is canonically isomorphic to the closed stratum Z$ g (ctg) in the twisted torus 
embedding E$ g (<tg) attached to o~g- Moreover, the completion £[($ G)CTG )] of 5^ along 
Zr($ G >(TG )] is compatibly isomorphic to the completion o/H$ g (ctg) along Z$ g (<tg)- 

Proof. Let xq G S"^(k(v)) be a closed point lying in the [(<&, a)]-stratum of S"^,. Identify the 
complete local ring of =5^, at xq with R<t>, a , Xo , as in (14.4.51) . Let T be a quotient domain of 
a,x such that SpecT C Spec T$ jlTtXo is an irreducible component. Then (|4.4.5|). along with 
(|4.4. 12|) . shows that there exists a canonical collection of Tate tensors {s a . Xo } such that T is 
adapted to {s a . Xo }. Now, (|3.3.20|) shows that the E$-torsor E$ Taa b has a canonical reduction 
of structure group to an E$ G -torsor H$ G jsab. Moreover, we find by loc. cit. that, if T^ ab is 
the normalization of T sab , then the normalization T n of T can be identified with the complete 
local ring at xq of the torus embedding H$ G Taa b «-> H$ G j !a h (ctq). 
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Let Z[($ G!(TG )] be the Zariski closure of Z^ G IJG ^ in S^Jf. Then xq, viewed as a point 
(SpecT n )(fc(u)), belongs to Z[($ GO - G )] (k(v)). Moreover, the complete local ring Z[(<j, G CTG )] at 
xq can be identified with that of the closed stratum in a$ G jT ,a.b (o~q). It is now easy to deduce 
all the numbered assertions of the theorem from (14.4.71) and the corresponding statements in 
characteristic (cf. 14.2. 19|) □ 

4.5. Compactifying My z . n! ^ ! z (p) when p 2 \ d. We fix a symplectic space (V, ip) over Q and 
a polarized Z-lattice V% C V of discriminant d 2 . We will assume that g = dimT^ > 2. Set 

primes «>2 
£ 2 \d 

where e = 1 if 2 | d and e = 0, otherwise. Given an integer n > 3, our goal here is to show that 
the results of Chai-Faltings-Lan presented in (|4.3.7|) . which have to do with good compactifica- 
tions of the restriction of My Z)ra> ,/, over Z [-^1 , can be extended over Z [-^1 . Maintaining the 
notation from (|4.3.2p . we will write K(n) C GSp(F)(Ay) for the level n subgroup associated 
with Vz, and S^K{n) for the pull-back of Mv Zi „^ over Z [^] . The generic fiber of ,5^k (n) can 
of course be identified with Sh x(n) (GSp(V), S ± ). 

4.5.1. Fix a prime p such that p 2 \ d. For the sake of completeness, we will now briefly 
describe the local structure of ^K(n),z, (p) for P \ n i following |RZ96] and |Gor03j . We also take 
the opportunity to show how the powerful results of Vasiu-Zink |VZ10j can be applied to define 
integral canonical models of Shimura varieties, and to show their existence, even at primes of 
bad reduction; cf. [MP12a for a similar application to orthogonal Shimura varieties. 
Let be the projective Z( p )-scheme such that, for every Z( p )-algebra R, we have: 

M loc ( R) — ( Isotropic i?-sub-modules Fil 1 Vr C Vr 

z (p) v l^that are, locally on Speci?, direct summands of rank g. 

Let rad(VF p ) C Vf be the radical for the induced alternating form on Vr p : this is trivial if 
p j d, and is a two-dimensional sub-space if p \ d. For any point xq G M^f (F p ) let Fil^. Q C V— 
denote the attached isotropic sub-space. The proof of the following proposition can be gleaned 
from |Gor03l §5.1] 

Proposition 4.5.2. 

(1) I}¥i\ 1 XQ does not contain rad(VF p ), then M^^ is smooth at xq. 

(2) If¥i\ XQ contains rad(Vp ), then there exists a neighborhood U of xq and an isomorphism 
of Z( p ) -schemes 

^ a(a+i) , [Ti,T , 2 ,T 3 ,T4l 
U — > A„ 2 XsnocZ, n Spec Zf.,') ' — t^tt^, r- 

Z(p) SPCCA (P) F W (T1T4, - T2T3 — p) 

□ 

We now recall some definitions from jVZlOj . 

Definition 4.5.3. A Z( p )-scheme X is healthy regular if it is regular, faithfully flat over 
Z( p ), and if, for every open sub-scheme U C X containing Xq and all generic points of X^ p , 
every abelian scheme over U extends uniquely to an abelian scheme over X. 

A local Z( p )-algebra 7? with maximal ideal m is quasi-healthy regular if it is regular, 
faithfully flat over Z( p ), and if every abelian scheme over Spec i?\{m} extends uniquely to an 
abelian scheme over Spec R. 
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Theorem 4.5.4 (Vasiu-Zink). Let R be a regular local %< v \-algebra with algebraically closed 
residue field k, of dimension at least 2. Suppose that it admits a surjection 

R^W{k)[\T x ,T 2 \]/(p-h), 

where h £ (p, if , T| , Tf ~ 1 Tf - 1 ) . Then R is quasi-healthy regular. In particular, if R is a 
formally smooth "L^y algebra of dimension at least 2, then R is quasi-healthy regular. 

Proof. This is [VZ101 Theorem 3]. □ 



Corollary 4.5.5. Suppose either that p > 2 or that g > 2. Then Mg ( ^ is healthy regular. 

Proof. This follows from the local description of c in (|4.5.2[) and the criterion from (|4.5.4j) . 

□ 

Definition 4.5.6. A pro-scheme A over Z( p \ (for some prime p) satisfies the extension prop- 
erty if, for any healthy regular Z( p )-scheme S, any map Sq — > A extends to a map S — > X . 

A pro-scheme X over Z( p ) is an integral canonical model of its generic fiber Aq if it is 
healthy regular and has the extension property. Clearly, if X is an integral canonical model of 
Aq, then it is uniquely determined by this property. 

Consider the inverse system {^K(n).z (p) }(n,p)=ii where the set of integers n satisfying (n,p) — 
1 is ordered by divisibility. The transition map from ^K(n),z (p) to 5?k (m),z (p) for to | n is the 
finite etale map that extracts a level-m structure from a level-n structure in the obvious way. 

Proposition 4.5.7. Suppose that p > 2. Then the pro -X^y scheme 

lim y K (n),z (py 

(n,p)=l 

is the integral canonical model of its generic fiber. 

Proof. That this pro-scheme has the extension property follows from the Neron-Ogg-Shafarevich 
criterion for good reduction of abelian varieties over local fields, and the definition of healthy 
regularity; cf. [KislOl 2.3.8]. So we only have to check that it is itself healthy regular. When 
p > 2, m£"\ is a local model for ^(n),z w in the sense of |RZ961lDP94] ; cf. |PapOO[ Theorem 
2.2]. This means that there exists an etale covering V — > ^Kin) equipped with an etale map 
V -> . So the proposition follows from (|4.5.7[) . □ 

Definition 4.5.8. Mildly abusing terminology, we will also refer to ^K(n),z (p) a s the integral 
canonical model of its generic fiber; cf. also (|4.6.6|) below. 

4.5.9. We will now review Zarhin's trick (cf. |Zar77[ §2] or |Zar85[ §4]), and formulate it in 
both moduli and group theoretic terms. To begin, fix a quadruple of integers x,y,z,w such 
that x 2 + y 2 + z 2 + w 2 = d 2 



- 1. 
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-y 




\w 
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X J 



e End(Z 4 ). 



If /3 T is the transpose matrix, then we have /3 T (3 = (d 2 — 1)74, where I4 is the identity matrix. 

Set V — V 4 © (V^ v ) 4 ; we will equip it with a symplectic pairing tfj' defined for W\,W2 € V 4 
and /i,/a £ {V y ) A by the following formula: 

^({w u h),{w 2 ,f 2 )) =^(w 1 ,w 2 )+d 2 (^) i (f 1 J 2 )-f 2 ([3 T (w 1 )) + f 1 ([3 T (w 2 )). 

In this formula, ip y is the dual symplectic pairing on V y attached to ip; ip 4 and (V' v ) 4 are the 
induced pairings on V 4 and (V v ) 4 , respectively; and /3 T is being viewed as an endomorphism 
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of V 4 via the identification V 4 = V ®% Z 4 . The key point now is that ip' restricts to a perfect 
symplectic pairing on (this is a routine check, using the identity a T a = d 2 — 1). 

The natural action of GSp := GSp(V,ip) on V embeds it within GSp' := GSp(V",V')> and 
gives rise to an embedding of Shimura data 

(GS P ,S ± (y))^(GSp',S ± (y'))- 
For any n G Z >0 , let K'{n) C GSp' (A/) be the level n sub-group attached to V% = V% © 
(V%) 4 . Then we obtain maps of Shimura varieties: 

3/3,™ : Sh /f(n) (GS P ,S ± (y)) -> Sh A -, (n) (GS P ,S ± (F')). 
Viewed as a map of moduli spaces 

3/3, n : •^W(n),Q = My z ,n,.0,Q — ► Mv,',n,f,Q = ^K'(n),Q, 

this can be described as follows: Given a tuple (A, A, v, a) on the left hand side, we map it to 
the tuple (A', A', v, a'), where A' = A 4 x (A v ) 4 , a' = a 4 x (A o a) 4 , and A' : A' -)• (A') V is the 
unique principal polarization making the following diagram commute: 



A 4 x A 4 v ° A 7 > A 4 x (A v ) 4 = A' 



A 4 x A 4 



A' 



(A^) 4 x (A v ) 4 < - (A v ) 4 x A 4 = (A') v . 

Here, : A 4 —> A 4 is the natural map determined by j3 via the identification A 4 — A (g>z Z 4 . 
This moduli theoretic description makes sense over any base, and so we obtain an extension 

Lemma 4.5.10. 3^ n * s a finite map. In particular, ^K(n) * s ^ e normalization of the 

Zariski closure of the image (under $p, n ) of Shx( n ) (GSp, S ± (y)) in ^^'(n) z[^l ' 

Proof. It is easy to see, using the Neron-Ogg-Shafarevich criterion, that the map is proper. 
We have to check that it is quasi-finite: for this, it is enough to show that, given a polarized 
abelian variety (A, A) over an algebraically closed field k, there are, up to isomorphism, only 
finitely many polarized abelian varieties (B,n) over k with (A 8 , X s ) ~ (B 8 ,/! 8 ). This follows 
from |Zar771 4.2.2]. □ 

4.5.11. Choose n so large that $p >n is a closed immersion. Suppose that we have $ G 
CLR K(n) (GSp,S ± (y)), with associated G CLR K , (n) (GSp', S ± (V')) (cf. 14.2.111) . Tak- 
ing the normalization of the Zariski closure of the tower — > C$ — > Sh^ 4 in the tower 
S$/ ->■ C$/ -> .5*# # , gives us fcf. 14.4. lip : 

(4.5.11.1) Sft-^C*-^^.. 

On the other hand, applying the method of (|4.3.3[) to we can attach to it a tuple (WmVz/nZ, $1,8) 
(cf. l3.1.7[) . and construct the associated tower as in (|3.1.13[) (we consider this again over Z [— ]): 

(4.5.11.2) S 4l ,HC Sl ,HM ff ,. 

Lemma 4.5.12. The tower \^.5.11.§^ is canonically isomorphic to the tower {^.5.11.1^ . In 

particular, ,5^k^, is healthy regular with singularities as described in \J^.5.2^ , C$ is an abelian 
scheme over S^k® , and H$ is smooth over S^k® ■ 
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Proof. As in the proof of (|4.3.3p . the generic fibers of the two towers are canonically isomorphic. 
Let (W.V%, nZ , $[,6') be the tuple attached to <&' by the method of (j4.3.3[) . By definition, the 
tower 3$/ — > C$/ — > , attached to is identified with the tower 

(4.5.12.1) S« ii4 , ->■ C» ii4 -> Mvy.v^. 

To show the lemma, it is enough to show that there is a natural finite map from the tower in 
(|4.5.11.2[) to that in (I4.5.12.1|) extending that on the generic fibers. This can be checked using 
(14.5.10D . □ 

We can now improve (|4.3.7p as follows: 

Theorem 4.5.13. Fix n > 3 and let K — K(n). There exists a co-final system {£} of rppcds 
for (GSp, S^, K), such that, for each £ in this system, there exists a regular algebraic space J?^ 
over Z [— 1 containing ,5^k as a, open dense sub-scheme and satisfying the following properties: 

(1) The fiber of =5^ over Z [-^1 is identified with the Chai-Faltings compactification from 

(2) The boundary = S^^\5^k is a relative effective Cartier divisor. 

(3) IfT, is complete, then is proper over Z [— 1 . 

(4) admits a stratification by (healthy) regular sub-schemes: 

^k= \_\ Z [(*>"-)]> 

where \{$,a)\ ranges over Cusp^-(GSp, S ). This is compatible with the stratification 
of its generic fiber in 

(5) For every [($,<r)] <E Cusp^-(GSp, S^) with representative ($,a), Ziu$ t(T \i is canonically 
isomorphic to the closed stratum Z$(er) in the twisted torus embedding S$(a). In fact, 
the completion 3£r($ jCr "ji of along Z^ a ^ is canonically isomorphic to the completion 
of S$((j) along Z$ (a). 

( 6) Every complete £ admits a refinement £' such that 5^ is projective. 

Proof. This is immediate from (|4.4.7p and (14.4.131) . □ 

Remark 4.5.14. Even though the Siegel Shimura variety is of PEL type, the embedding arising 
from Zarhin's trick realizes GSp as a sub-group in GSp' in a somewhat subtle way, involving 
tensors that are not just those generated by endomorphisms of V . So, even in this special case, 
one really needs to be able to work with arbitrary Hodge tensors to show transversality of the 
intersection with the boundary. 

Remark 4.5.15. Along the lines of jFC90[ IV.5.7(5)] or |Lan081 6.4.1.1(6)], we can now check 
that the universal polarized abelian scheme over &K(n) extends to a semi-abelian scheme G — > 
^K(n)> an d to give a criterion for a semi-abelian scheme G — > T over a noetherian normal 
Z [^]-schemeTto arise as the pull-back of a map T — > ^KOn) ■ This is because the completions 
along the various strata come equipped with canonical polarized log 1-motifs, which in turn 
give rise to semi-abelian schemes using (|2.3.4j) . These can then be algebraized over an etale 
neighborhood of the strata as in |FC90| §IV.4]. 

Remark 4.5.16. The same method allows one to construct and describe good compactifications 
of integral models of many PEL Shimura varieties with parahoric level at p. There are essentially 
two requirements: Reducedness of the special fiber, which is known in many cases; cf. |Gor03| 
GorOl , PapQ0, [PZ12] and having an analogue of the explicit description (as in (|4.5.12[0 of the 
tower (|4.5.11.ip . 
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4.6. Smooth compactifications of Hodge type. Let us start with a Shimura datum (G, X), 
and a rational prime p. Suppose that G is unramified at p: this means that Gq p is quasi-split 
and splits over an unramified extension. This is also equivalent to saying that G has a reductive 
model G Z(p) over Z (p ) . 

Definition 4.6.1. An embedding i : (G,X) «-> (G',X') of Shimura data is said to be p- 
integral if there exist reductive models Gz (p) of G and Gg ( ; of G' over Z( p ), and if the 
embedding of groups G G' underlying i is induced by an embedding Gz (p) ^ . 

Lemma 4.6.2. Suppose that (G, X) is a Shimura datum of Hodge type such that G is unramified 
at p with reductive model G%, . . 

(1) There exists a p -integral embedding of Shimura data i : (G, X) <—> (GSp, S ) into a 
Siegel Shimura datum. 

(2) Suppose that the embedding G <-> GSp arises from an embedding Gz (p) c — > GSp Z( ; = 
GSp(Vz ( , , tp), for a symplectic Z( p ) -lattice Vz (p) C V. Then there exists a collection of 
tensors {s a } C V® } smc/i £/ia£ Gz (p) C GSp Z(p) is the pointwise stabilizer of {s a }. 

Proof. For (1), choose any embedding i! : (G,X) <^-> (GSp(V, S ± ) of Shimura data. By 
[KislOl 2.3.1], there exist a Z( p )-lattice Vz (p) C V and an embedding Gz (p) ^ GL(Vz (p) ) that 
induces t' over Q. The problem is that -0 might not induce a perfect Z( p ) -pairing on Vz (p) - 
To take care of this, we apply Zarhin's trick (|4.5.9[) . which tells us that there exists a perfect 
pairing V' on V% = (V Z(p) x ) 4 and an embedding GSp(V» ^ GSp(V, V')- This also 
induces an embedding of the corresponding Shimura data. We can then check that the induced 
embedding (G, X) (GSp(V r/ , ip'), S ± ) arises from an embedding Gz (p) GSp(Vg ,"00 an d 
is thus p-integral. 

We note that, in [KislO, 2.3.1], when p = 2, Kisin restricts attention to groups G without 
a factor of type B. In fact, this restriction, which arises from a corresponding restriction in a 
result of G. Prasad and J.-K. Yu, is unnecessary. To be more precise, consider the following 
assertion: 

• Let i : — > Jf? be a map of reductive group schemes over Z p , whose fiber over Q p is a 
closed embedding; then i is a closed embedding. 

According to [PY06[ 1.3], this assertion is true as long as Sf^ does not admit a normal sub-group 
isomorphic to SOan+i- I n [KislOl 2.3.1], this assertion needs to be applied when = Gz p . But 
the classification of Shimura data of Hodge type in [Del791 1.3] shows that Gq can never have 
a normal sub-group isomorphic to S02 n +i- Indeed, any factor of the derived sub-group G 
of type B will be simply connected. 

(2) follows from [KislOl 1.3.2]. □ 

4.6.3. We will now fix an unramified-at-p Shimura datum (G, X), a reductive model Gz (p) for 
G over Z/ p ), and a p-integral embedding (G,X) (GSp, S ). Let (V,ip) be the symplectic 
space to which GSp is attached, and let Vz (p) C V be the Z( p )-lattice on which ip such that 
G =— > GSp is obtained from an embedding of reductive Z( p )-groups Gz (p) GSp(Vz (p) ). Fix 
a polarized Z- lattice Vz C V such that Vz ® Z( p ) = Vz (p) , and of discriminant d 2 . For every 
integer n such that (n,p) = 1, let K'(n) c GSp(A/) be the sub-group of level n associated with 
Vz, and let K(n) = K'(n) n G(A f ). Set K' p = GSp(Z p ), K p = G Z(p) (Zp). 

For n large enough, it follows from (|4.1.5|) that we have a closed embedding of Shimura 
varieties Sh K{n) (G,X) ^ Sh K / (n) (GSp, S ± ) i5 over the reflex field E = E(G,X). Note that 
Shff/(„) (GSp, S^) is just the fine moduli space My I/tiI ^ ®z[i/n] Q introduced in (|3.1.1[) . and as 
such has the integral canonical model J^'(n)(GSp, S ± ) = My !/(lZ ^ over Z 
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The reflex field E is unramified at p (cf. [MM921 4.4.7]). Let v\p be a prime of E lying above 
p, and let &e,(v) be the localization of Ge at v. Let S?k In) {G, X) be the normalization of the 
Zariski closure of Shx( n ){G, X) in o$^-<( n )(GSp, S )e E ... 

Theorem 4.6.4 (Kisin, Vasiu). Suppose that p > 2. Set 

y Kp (G,X)= lim y K(n) (G,X). 

(n,p) = l 

Then: 

(1) For each n, y K r n \(G, X) is smooth over Ge,(v)> an d the transition maps in the inverse 
limit above are finite etale. 

(2) (G,X) satisfies the extension property |^.5.6'| j and is therefore the integral canonical 
model for Sh^ p (G, X) . 

Proof. This is [KislOl 2.3.8]. □ 

Remark 4.6.5. In the case p = 2, work of Vasiu-Zink VZ10 reduces the problem again to 
showing the smoothness of =5*W n )(G, X). It should be possible to prove smoothness using the 
strategy in [KislO . There are three results in loc. cit. whose proofs use the condition p > 2. 
The first is in [KislOl 2.3.1], where, as we observed in the proof of (|4.6.2[) . the condition is not 
in fact needed. The second is [KislOl 1.4.2], which has since been extended to the case p = 2 
by the work of W. Kim [Kimllj . Lau |Laul2j . and T. Liu |Liullj . Finally, the assumption 
on p is also used in a deformation theoretic argument in [KislOl 1.5.8]. When the universal 
abelian scheme over (n) {G, X) has connected p-divisible group at every closed point, Zink's 
theory of displays allows Kisin to push the argument through even when p = 2. In general, the 
condition on p does seem a little more serious here, and we have been unable to remove it so 
far. 

Nonetheless, Vasiu has made some progress towards integral canonical models even when 
p = 2; cf. [Vasl2airVasl2bllVasl2d] ■ and especially |Vasl2c| . where the case p — 2 is claimed to 
have been tackled in a number of cases, including those where the ordinary locus is dense in 
the special fiber of S"x(n){G, X). 

Definition 4.6.6. For any neat compact open sub-group K p C G(A?), we will refer to the 
quotient S*k p kp{G, X) :— S?k p {G, X)/K p as the integral canonical model for S\ik p kp (G, X) 
over e,(v) ■ In particular, for n > 3, the Ge,(v) -scheme denoted ^K(n) {G, X) above is the 
integral canonical model for Sh^(„)(G, X). 

Definition 4.6.7. We will say that a triple (G,X,K) consisting of a Shimura datum (G,X) 
and a compact open K C G(Af) is unramified at p if K p — Gz (rt (Z p ), for some reductive 
model Gz (p) of G over Z( p ). 

If K C G(Af) and K' C G'(Af) are compact open sub-groups such that (G,X,K) and 
(G' , X', K') are unramified at p, then a p-integral embedding (t, g) : (G,X,K) ^ (G',X',K') 
consists of a p-integral embedding l : (G,X) (G',X'), and an element g G G'(Af) with 
g p G K' p , such that g~ 1 i(K)g C K' . Here g p is the p-primary part of g. 

Suppose that we are given an unramified-at-p triple (G, X, K) corresponding to a reductive 
model Gz, > for G. 

Definition 4.6.8. A p-integral CLR for (G, X, K) is a CLR in CLR K (G,X) of the form 
(P, X + , g), with g p G K p ; here, g p is the p-primary part of g. If $' are two p-integral CLRs 
then a map <& ^> between them is a map of CLRs with 7 G G%.. We will denote the 

category of p-integral CLRs by CLR P K (G,X). 
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Lemma 4.6.9. 

(1) Every class in Cusp K (G, X) has a representative in CLR P K (G,X). 

(2) Fix $ G CLR^-(G, X); then the Shimura datum (G$,fc, -F$) is also unramified at p. 

(3) If (G,X) is of Hodge type, then so is (G$,/ l; F$) . Moreover, for any prime v\p of 
E = E{G,X), the Shimura variety Sh/^ over E(G, X) has an integral canonical model 
.y K<s> over &e,(v)- 

Proof. The main point is that every parabolic sub-group of G extends uniquely to a parabolic 
sub-group of G%, . . So every admissible parabolic sub-group P C G extends to a parabolic 
sub-group P%,s C G%, p) with Levi quotient Li... Furthermore, it follows from |H6rlQ[ 1.6.9] 
that the normal sub-group Qp C P extends to a normal sub-group of Pz, p s with reductive 
image in Lz (p) ■ From this, both (fTJ) and are clear. 

When (G, X) is a Siegel Shimura datum, then so is (G^h, F$) fcf. l4.3.1[) . The first assertion 
of ([3]) is immediate from this. The second now follows from (|4.6.4[) . □ 

Assumption 4.6.10. From now on, all CLRs will be assumed to be p-integral, with respect to 
a p-integral structure on (G, X, K) that will be clear from context. All maps considered between 
such CLRs will also be in the category of p-integral CLRs. 

Definition 4.6.11. Let (G, X) be a Shimura datum, and let K C G(A/) be a neat compact 
open sub-group. A p-integral Hodge embedding i : (G,X,K) (GSp(V), S ± , K{n)) into 
a Siegel Shimura datum consists of a p-integral embedding i : (G,X) (GSp(V / ),S ± ), a 
polarized lattice Vz C V of discriminant d, and an n S Z>3 prime to pd such that: 

• K = K(n) fl G(Af), where K(n) is the level n sub-group of GSp(Vaj:) associated with 
V z . 

• The map S1ir-(G, X) — > Shx( n ) (GSp, S ± ) is an embedding. 

We will say that an admissible rppcd S for (G, X, K) is associated with the p-integral 
Hodge embedding t : (G,X,K) (GSp(V), S ± , K(n)) if there exists a smooth rppcd E' for 
(GSp, S ± , K(n)) such that £ is induced from £'. 

Assumption 4.6.12. We will always assume from now on that K C G(A/) is chosen so that 
there exists a p-integral embedding l : (G,X,K) (GSp, S , Furthermore, any admis- 

sible rppcd E for (G, X, i(T) will be assumed to be associated with a p-integral Hodge embedding 
(G,X,K) (GSp,S ± ,/-sT(n)). This is not a very strong condition. By fa4.1.5\ ) and ^.2.20\) . 
we can always arrange this by shrinking K a little away from p and then by refining E. 

Theorem 4.6.13. Assume that p > 2. Let (G,X) be a Shimura variety of Hodge type with 
reflex field E, K C G(Af) a neat compact open, and E an admissible rppcd for (G, X, K) (recall 
our assumptions from ft4.6.12\ ). Fix v\p, a prime of E over p. Then there exists a flat integral 
model o/Sh^(G, X) over &e,(v) of the toroidal compactification Sh^(G,X) from {J^.2.19^ , 
containing the integral canonical model o/Sh^(G, X) as an open dense sub-scheme, and 
satisfying the following properties: 

(1) The boundary = 5^^\S^k, equipped with its reduced sub-scheme structure, is a 
relative effective Cartier divisor over &b,(v)i along which has at worst toroidal 
singularities. In particular, S^Jt, equipped with the log structure associated with D^, is 
log smooth over &e,{v)- 

(2) E can be chosen such that J^S is smooth, projective, and such that has normal 
crossings. 
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(3) There is a stratification by smooth e,(v)~ schemes 

[(*,*)] 

where [(<&, a)] ranges over Cusp^-(G, X). This stratification is compatible with the 
stratification of Sh^-(G, X) described in fc4.2.19\ )$3ty; in particular, Z[($ -cr )] lies in the 
closure of a r^ if and only «/[(<£>', a')] is a face o/ [($, er)] . 

(4) For each $ G CLR^-(G, X), S^k^ "is the integral canonical model ofSh-K®, and C$ is 
an abelian scheme over S^k® ■ 

(5) For each [($,cr)] with representative ($,cr) 7 Z[($ CT )] is canonically isomorphic to the 
closed stratum in the twisted torus embedding H$(cr) over the S^k®- abelian scheme C$. 
In fact, the completion £[($ i0 .)] of along Zr($ )a .yi is canonically isomorphic to the 
completion of H$ (a) along its closed stratum. This description is compatible with the 
analogous description of the strata found in \4-%- 

Proof. Choose a p-integral Hodge embedding (G, X, K) » (GSp, S ± , K (n)) into a Siegel Shimura 
datum with which £ is associated. Take to be the normalization of the Zariski closure of 

Sh|(G,X)in^|; n) 

A good part of the theorem now follows from (14.4.71) and (|4.4.13p . 

§3§ was already shown in (|4.4. 13[) (|T|) . Consider that S^k® is the integral canonical model 
for Shx,,, is a consequence of (|4.6.4[) and (|4.6.9[) . That C$ is an abelian scheme over S^k® follows 
from (|4.6.14p below. ([5]) and (HJ are now immediate from (14.4.13^ (15)). 

Finally, © follows from (|4"X7)) (pi) and (I4.2.20|) . □ 

Lemma 4.6.14. Let X be a healthy regular TL^yscheme (for example, X can be formally 
smooth over 'Li^y], and let A — » X be an abelian scheme. Suppose that Bq C Aq is a finite 
map of abelian schemes over X . Let B — >• A be the normalization of the Zariski closure of the 
image of Bq in Aq. Then B is an abelian scheme over X. 

Proof. From the usual Neron-Ogg-Shafarevich good reduction criterion, we see that Bq extends 
to an abelian scheme over all co-dimension 1 points of X. By healthy regularity, Bq extends to 
an abelian scheme B 1 over X. By [FC90| 1.2.7], the map Bq — > Aq extends to a map B 1 — > A 
over X. It is easy to check now that B' = B. □ 

Remark 4.6.15. As is clear from the proof, our methods will also work for p = 2 as soon as we 
know that the construction in (|4.6.4j) produces integral canonical (i.e. smooth) models. 

Corollary 4.6.16. Let (G, X, K), E andv\p be as above. Then every geometric connected com- 
ponent of ^K,k(v) * s the specialization of a unique geometric connected component o/Sh#-(G,X). 

Proof. We now know that 5?k admits a smooth compactification over 0e,{v)i so the result 
follows from Zariski's connectedness theorem; cf. [DM69| 4.17]. □ 

Corollary 4.6.17. Suppose that (G,X,K) is an unramified-at-p triple (cf \4-6.7\ ) of Hodge type, 
let E = E(G,X) be its reflex field, and let v\p be a prime of E. Then the integral canonical 
model S^k over GeAv) * 5 proper if and only if G/Z(G) is anisotropic. 

Proof. This is simply a special case of (|4.4.7j) (|4|). □ 



^We will see in 1 14. 7.411 below that, when £ is complete, cS^JS does not depend on the choice of p-integral 
embedding. 
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4.7. Hecke action. Here, we will show that the Hecke action on the tower of toroidal com- 
pactifications can be obtained entirely formally, once we are given integral canonical models 
and the Hecke action in characteristic 0. 

4.7.1. Consider the following categories over &eAv)'- First, we take the category of pairs (T, D), 
where T is a proper normal flat ^"^^-algebraic space, and D C T is a sub-scheme that is a 
relative effective Cartier divisor over 0E,(v)i the morphisms (T,D) — > (T',D') are simply mor- 
phisms T — > T" of &e,(v) -schemes that carry D into D'. Next, we consider triples (T°, Te,De), 
where T° is a normal, flat &e,(v) -scheme, Te is a proper normal algebraic space over E equipped 
with an open immersion T° ®E <-» Te , and De C E is an effective divisor whose complement is 
T° <E) E. A morphism (T°,T E ,D E ) -)• [T'>°,T' E , D' e ) is a pair of maps T° -> T'> and T E -> T' E 
of ^ ^-j-schemes that agree on T° ® E and carry De into D' E . 

Lemma 4.7.2. The natural functor (T, D) ^ {T\D, T®E,D®E) is fully faithful. 

Proof. Let k v be the residue field of $e,(v)- Then, the lemma is a consequence of two facts: 

(a) Given (T, D) as above, D <g> k v has co-dimension 2 in T. 

(b) Given a normal algebraic space T over (?e,(v) i a closed sub-space Z » T of co-dimension 
at least 2, any map T\Z — ► T' to a proper algebraic space T' over 0e,(v) extends 
uniquely to a map T — > T' . 

The corresponding assertions for schemes over Oe,(v) are well-known, from which we can easily 
deduce the above for algebraic spaces as well. □ 

4.7.3. Suppose that there is a p-integral embedding (i, g) : (G,X,K) <-} (G',X',K') of 
unramified-at-p triples, as in (|4.6.7|) above, and suppose that (G',X') (and hence (G, X)) is of 
Hodge type. Let E = E(G, X) be the reflex field of (G, X), let v\p be a place of E and let E 
be the completion of E along v. Let S^k = ^k(G,X) and S^k' — ^K'(G' , X') be the inte- 
gral canonical models over &e,(v) °f Shj<-(G, X) and Shx<(G', X'), respectively^ By (|4.2.11[) . 
with every $ e CLR^(G, X), we can associated $' = (a, G CLR^(G,X) such that 
K$ C In particular, there is a natural finite map S^k® ~^ ^K'^, extending the embedding 
Sh^ (G§ t h,F§,) c -t Shx' \p'$\h-> F<s>')- 

For any complete admissible rppcd E' (resp. E) for (G',X',K') (resp. (G, X, K)), over 
6e,{v)i there exists the proper toroidal compactifications 5?Ji, of and of from 
(|4.6.13jl 

Proposition 4.7.4 (Hecke action). Suppose that E is a refinement of the complete admissible 
rppcd for (G,X,K) induced from E' along the embedding (t, <?). Then there is a unique proper 
map [fflif • '^k ~^ ^K> w ^h the following properties: 

(1) Its restriction to <5^k agrees with the natural Hecke map [g] k, K' ■ ~> ^K 1 restricting 
to the corresponding Hecke map over E. 

(2) Over E, [g]^^, agrees with the corresponding map defined in fi4.2.21\) (l]). 

(3) For any [($,a)] G Cusp^-(G, X), the stratum Zr($ i0 .)i maps into the stratum Zr($> i<r /\i, 
where [($',er')] G Cusp^-, (G', X') is determined in the following way: $' = (i,<7)*<!> 
and a' G E^, is the minimal cone that contains a. 

(4) For ($,cr) and ($',cr') as in (3\>, the restriction [g] [($,„)] : ^[(^,a)] -> Z [($',<r')] °f\9$c%' 
can be described as follows: There exists a canonical homomorphism C$ — > C$< Zi/ing 
over the canonical map of integral canonical models S^r, — > S^jc 1 > an d lifting to an 
'Ei^-equivariant map H$ — > H$'. Now, [<?][(*, CT )] *s isomorphic to the canonical map 



We are abusing notation here a little, since nas U P to now denoted the integral canonical model of 

Sh K i (G 1 , X') over the ring of integers of a completion of E(G',X') (as opposed to E(G,X)). 
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between the closed stratum of E$(er) into the closed stratum of 3$/(<t'). Similarly, 
the induced map [g]v$ a x\ '■ 3£[(*,a-)] — ^ 3%*',o-')] 071 ^ e completions along the strata is 
isomorphic to the canonical map between the completions o/H$(cr) and E$/(cr') afong 
£/ieir closed strata. 

In particular, the toroidal compactification 5^ does not depend on the choice of p-integral 
embedding of (G, X) into a Siegel Shimura datum. 

Proof. We first note that the map [g]K'.K mentioned in ([1} is the extension of the corresponding 
map in characteristic (cf. I4.2.21[) obtained via the extension property of the integral canonical 
model S^k' (or, rather, of the pro-scheme cf. 14.6.40 . The existence and uniqueness of the 

map [<?]^/'jf with properties ((TJ and |(3J) now follows from (|4.7.2[) . Assertions ([3]) and (fj| are 
immediate from their characteristic counterparts (I4.2.21|) (|2~l) and (|4.2.21[) (f5T) . □ 

Remark 4.7.5. The functorial properties of our compactifications show that they agree with the 
compactifications of Lan |Lan08j when (G, X) is of PEL type. 

4.8. The minimal compactification. With the results of § 14. 6[ we can now easily construct 
the minimal or Baily-Borel-Satake compactification of the integral canonical model 5?k of a 
Shimura variety Sh^ (G, X) of Hodge type at a prime p where (G, X, K) is as in (|4.6.13[) . We 
will follow the strategy in |FC90| §V.2], which is extended to the PEL case in |Lan08| §7.2]. 
Since the method here is not very different from that used in loc. cit., our treatment will be 
somewhat compressed. 

Definition 4.8.1. Suppose that there is a p-integral Hodge embedding i : (G,X,K) 
(GSp,S ± , K{n)). The Hodge bundle oj(i) over ,5^k associated with i is the top exterior 
power of V dR (L)/F 1 V dR (b). 

Suppose £ is an admissible rppcd for (G, X, K) associated with the embedding l. Then the 
Hodge bundle w(t) s over =5^ is the top exterior power of Kffi(t)/F 1 V^,(t). 

Definition 4.8.2. Let S be an algebraic space over &e,{v)- Define an equivalence relation on 
line bundles on S as follows: We say that L\ ~p ro j £2 for line bundles C\ and £ 2 over S if 
there exist a map / : S' — > S of &e,(v) -schemes and integers n, m G Z>o such that: 

• f^ffg, = ff s and Wf^s* = 0, for all i > 1. 

• There exists an isomorphism of line bundles f*Cf n ^> f*Cf m over S'. 

We will denote the set of equivalence classes of line bundles over S under ^p ro j by Pic(5) z . 

Lemma 4.8.3. Suppose that C\ and C2 are two line bundles over S with C\ T ro j £2- Then 
the ff Et{v) -schemes Proj ^0 fe H°{S, Cf k )j and Proj ^® fe H°(S, Cf k )j are isomorphic. 

Proof. Let / : S' — > S and n, m G Z>o be as in the definition of C\ £2 above. Then, for 
r = 1,2, the projection formula shows 



Cf\ ifi = 0; 
, otherwise. 



R l fJ*£? k 

In particular: 

Proj (0 H°(S, Cf k )J = Proj (0 H°(S', f Cf k ) 

So we can replace S by S' and assume that Cf n ~ £f m . Now the result follows from [EGAII1 
2.4.7]. " □ 
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Definition 4.8.4. For any class [£] G Pic(5') z , set 

P(5, [£]) =Proj (®H°(S, C® k ) 



By (|4.8.3p above, this ^^(^-scheme does not depend on the choice of representative C. 

Lemma 4.8.5. Let £ be a complete admissible rppcd for (G,X,K) associated with two different 
p-integral embeddings tk : (G, X, K) ■=> (GSp(Vfe),S fe ,K(nk j), for k = 1,2. 

flj There exist a refinement £' of £ and integers r\,r2 G Z>o swc/i i/iai i/ie pull-backs of 
the line bundles (w(ti) s )® ri and (w(t2) E ) <g "' 2 to are isomorp/iicd 

TTie cZass := G Pic(j?j^J z is independent of the choice of l. Moreover, it 

satisfies ([1]^.' S )*[cl> e ] = [w s ], /or any refinement £' o/£. 

Proof. Let Vfc,z ( , C 14, for fc = 1, 2, be symplectic Z( p ) -lattices giving the rise to the p- 
integral structure on GSp(Vfc). Take ri,r 2 G Z >0 such that V®% 1 ; and V^T^ are isomorphic 

as symplectic Z( p )-modules. Let Vz M be this common symplectic Z( p )-module with associated 
symplectic Q-space V. Then there are natural p-integral embeddings of (GSp(Vfe), ) (k — 1, 2) 
into the Siegel Shimura datum (GSp(V r ), S ). 

Choose a polarized lattice Vi C V of discriminant d. Choose n G Z >0 prime to pd such that 
such that both K{n\) and K(n2) map into K(n) C GSp(V)(A/). Refining £, if necessary, we 
can assume that we have an admissible rppcd £ for (GSp(V),S , K(n)) inducing admissible 
rppcds £ fe for (GSp(Vfc), S^, K (n k )) and such that £ refines i%E k , for k = 1,2. By gT4j), we 
then get a natural diagram 




9"- 



J2 



Let cj fc (resp. u) ) be the Hodge bundle on <5^( nfc ) (resp. ^j^O- Then by construction there 

exist, for fc = 1, 2, natural isomorphisms j^ui^ — > (u; Sfc )' glrfc . This immediately gives us ([1]). 
Now ([2]) is immediate from the following 

Claim 4.8.6. Write / for the map [1]^'' S : -> ; then /.^^ = and IP f = 
0, for t > 0. 

We proceed as in |FC90[ V. 1.2(b)]: This is a statement that is local on The description 
in (|4.7.4p of the restriction of / to the completion of along its strata further reduces us 
to the situation where / is an equivariant blow-up of a torus embedding, where one can write 
down an explicit Cech complex to compute the cohomology. □ 

4.8.7. Pick $ G CLRP.(G, X), and selQ 

_ P $ (Q)+nQj»(A/)gi,^ g i 1 = P*(l {p) ) + ftQ^h^g^Kg^ 1 



"It is implied post facto by 1 14.8, 111) l3ll below that we can take £' = X. 

^The super-script '+' means that we are looking at the sub-group of elements fixing the connected component 

xi 
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This is a quotient of the group T$ C Aut(-ff$) defined in (|4.2.9p and is the group denoted Ai 
in |Pin901 6.3]. Moreover, we have a canonical map A$ — > Aut(o5^- s ) given as follows: Each 

7 in P$(Z( p )) + p| Q^^Af^g^Kg^ 1 determines an automorphism $ ^> Just as in (j4.2.18[) . 
this gives us an automorphism [7] of Shx # , which, as one checks easily, depends only on the 
image of 7 in A$. Since the action of A$ on Sh^ is defined via prime-to-p Hecke operators, 
it extends naturally to an action of A$ on the integral canonical model S^k* ■ As shown in 
[PinQQl 6.3], this action factors through a finite quotient of A$. 

Lemma 4.8.8. 

(1) The quotient map S^k® A$\^if 4 is a Galois cover. In particular, A^\S^k^ is 
smooth over &e,(v) ■ 

(2) For every admissible £ for (G, X, K) and every [($1,0-1)] G Cusp|(G,X) with [$1] = 
[$], there is a canonical smooth surjective map Z[( $1 ai )j — > A$\J^/f s . 

Proof. Choose a p-integral embedding t : (G,X,K) M> (GSp, S , K(n)), and let $' = so 
that we have a natural map : S^k® ~~ ^ •^ fi K(n)& °f integral canonical models over @e.(v)- 
In turn, this gives us a map A$\o$^ s — > A$/\j?#( n ) # , of their quotients. It follows from 
[Mor08, p. 8] that A$> acts trivially on J^r^u, • So we in fact have a factorization 

But 1$^/ is unramified; indeed, the construction of Kisin jKislOj identifies the complete local 
rings of S^k* with quotients of complete local rings of S^K(n)^, ■ So the map .S^k^ — > A$\,5 i V a> 
is also unramified. This gives us (HJ. 

For $2$, we note first that A$\J i V s is independent of the choice of representative $ in 
[$] = [$1]: Indeed, if $2 is another representative, then we can choose any map $ $2, which 
will produce an isomorphism [77] : J^V* ~> ^ fi K^ 2 ■ Two such isomorphisms will differ by an 
automorphism [7] G A$, so A$\J*V 4 and A$ 2 \«^f 4 are canonically isomorphic. 

If we fix a representative of the form ($, tr) for [($1, 01)], then we have a canonical isomor- 
phism Z[(& lt o-i)] ~^ Z$(ct), giving us a map i$ j(T : Zr($ li(ri )] — > S^k®- If we have an automor- 
phism $ ^> <I> and a' C with 7*0-' = er, then, according to (14.2.19p fl5|). = [y]oi§ r(7 . This 
shows that we have a canonical map Zp 1(Jl )] — > A$\^/f s ; it is clearly smooth and surjective 
(use ©). □ 

Proposition 4.8.9. Lett : (G,X,K) (GSp, S ± , K(n)) be a p-integral Hodge embedding, and 
suppose that £ is an admissible rppcd for (G,X,K) associated with 1. Let w(t) s be the Hodge 
bundle over induced via l, and denote by the projective i?E,(v) scheme P(«5^, [w s ])- 

(1) A suitable power o/a;(/,) s is generated by global sections. The map f : J?^ — > 

into projective space corresponding to the linear system attached to such a power of 

w(t) s has a Stem factorization > y^ in -4 P^° e v . 

(2) For any [($,er)] G Cusp^-(G, X) the restriction of ^ to Zr($ )Cr )i factors through the 
canonical smooth surjective map Zr($ i<T )] — >• A$\ I ^x$, ('c/. |^.£.ff| ). The induced map 
from A$\o$^ 4 , to y™ n depends only on the class [$] G Cusp K (G,X). 

(3) If [$] 7^ [$'] in Cusp x (G, X), t/ien f/ie images of Z[($ i(T )] and Zr($/ )(7 /)] in ^jf 1 " are 
disjoint. 

(4) The map Zr($ >0 .)i — > A$\o5^ff s is an isomorphism if and only if the unipotent radical 
[/$ G P$ /ias dimension at most 1. 

Proo/. As in [FC901 V.2.1], we can use |MB851 IX. 2.1] to deduce the first part of ©. The 
second part follows from the argument in |Lan081 7.2.3]. 

@ is shown exactly as for the PEL case; cf. |Lan081 7.2.3, esp. the discussion after 7.2.3.5]. 
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We now show ©: Let x — > be a geometric point in the intersection of the images of 

Z[(* )<7 )] and Z[($' )0 -/)i, and let G be a proper smooth connected curve over k(x) mapping into 
0*O> and whose image intersects both Zr($ iCT )i and Zr($' )CT /)]. Suppose that the generic 
point of G maps into the stratum Z^j C Then G maps into the closure of Z^j~^,. 

From the description of the closure of strata in (|4.6.13p d5)). it follows that we have maps 

and 1+ $ in CLK K {G,X). From [FC901 V.2.2], we see that the abelian part of the semi- 
abclian scheme induced over G is iso-trivial. The argument in |Lan081 7.2.3.6] now shows that 
(.*[$] = (,*[$'] = (.*[$] in Cusp K(n) (GSp, S ± ). This implies that [$] = [$] = [$']; cf. (14.2. Ill) (151). 

For the map in (|4]) to be an isomorphism, we would need C$ to be the trivial abelian scheme 
over S^k<s,i which means that J7$ = U^ 2 , and E$ would have to be a torus of rank at most 1, 
which means that U^ 2 has dimension at most 1. So we find that [/$ must have dimension at 
most 1. 

Conversely, if [/$ has dimension at most 1, then there are two possibilites: Either [/$ is 
trivial, in which case we clearly have H$ = S^k®- The other possibility is that dimC/$ = 1, 
in which case a = H$, and H$(c) — > S^k® is isomorphic to the affine line over S^k®, so that 
Z$(c) — > ^Ka, is again an isomorphism. 

We now claim that, in both these cases, the conjugation action of P$(Q) on Q$(Q) is via 
inner automorphisms. This is clear when P$ = G. When dim £/$ = 1, it follows from the 
classification of simple algebraic groups, that G ad has a factor isomorphic to PGL^q, and that 
P$ is the pre-image in G of a Borel sub-group of this factor. From this description, the claim is 
easily checked. It now follows that in both cases A$ acts trivially on S^k* and @ is proved. □ 

4.8.10. Fix $ e CLR/^(G, X), and consider the tower H$ C$ ^ y KiS , . The action of A$ 
on S^Kis, extends naturally to an action on the whole tower. This can be seen from the point of 
view of integral canonical models of mixed Shimura varieties (cf . |H6rl0j ) . 
As a C$-scheme, we can write 

= Spec 9 9 {£), 
ees* 

where, for each £, ^q,(£) is a line bundle over C$. Set, for any I E S$, FJ^ } = Tr*,**^): 
this is a coherent sheaf over S^k^. For £,£' € S$, we have a natural 'multiplication' map 
FjJ^ ®g E w FJ^ -* — > FJ^ +e \ and we also have an identification FJ^ = &y KiSf - For any 

geometric point x — > S^k®, let FJ $ ^ be the completion of the stalk of FJ^ ; at x. Also, let 
be the maximal ideal of the completion of S^k* at x. Let C S$ be the collection of elements 

T-r — W 

that pair non-negatively with H$. Consider Lj£ 6H v FL $ ^: this is an i^^-algebra, and it is 

r-r (*) 

equipped with a maximal ideal mj x lIo^eH v FL $ s , along which it is in fact complete. It is 
also naturally equipped with an action of the discrete automorphism group A$. 

Theorem 4.8.11. Let (G,X,K) be as in \4-.6. 13\ ). Then there exists a normal projective 
&e,(v)~ scheme =5^ ln in which S^k embeds as a dense open sub-scheme, and which enjoys the 
following properties: 

(1) For every complete admissible rpped £ for (G, X, K), we have an isomorphism of &e,(v) ~ 
schemes P(j^|, [wg]) A ,Y^ in . 

(2) For any p-integral Hodge embedding l : (G,X, K) ^-s> (GSp, S , K(n)), the Hodge bundle 
lu(l) extends to an ample line bundle w(t) mm over J? 7 ™ 11 . The class [w min ] o/w(i) min 
in Pic( t y™ n ) z is independent of the choice of l. In fact, given a different p-integral 



TOROIDAL COMPACTIFICATIONS 



63 



embedding i' , there exist r,s 6 Z>o such that (w(t) mm )® r and (w(t') min )® s are isomor- 
phic. 

(3) For every E as in |7p, there is a natural proper surjective map ^ S : 5^ — > ^jf 111 with 
geometrically connected fibers extending the identity on <5?k, such that )*[w mm ] = 
[w E ]. In /act, i/ E is associated with a p-integral embedding i, then (^ E )*w(i) mln = 

W / S * s universal in the following sense: if f : — >• T is any other map to an &e.(v)~ 
scheme T such that there is an ample line bundle C over T with f*C ^> (w(i) s ) <8 ™ ; 
for some n G Z>o, then f factors through ^ . 

(5) There is a natural stratification 

^jr = U z m 

[<f]£Cusp K (G,X) 

into locally closed smooth E,(v)-sub-schemes. In this stratification, Zr$/i is in the 
closure of Z[$] if and only if there is a map $' — > $ in CLR^(G, X). 

(6) Fix$ in CLY(P K {G , X) . For every geometric point x — > ,5^^ m lying in the stratum Zr$i, 
we /lave an isomorphism of complete local &e,(v)- algebras 




In particular, the natural map A$\J5^ 4 , — > Zr$i is an isomorphism. 

(7) The map ^ S is compatible with stratifications in the following sense: For any [$] in 
Cusp^-(G,A), £/ie pre-image of Zr$i under ^ S is |_| z [(*,<7)b where the disjoint union 
ranges over classes in Cusp^-(G,X) of the form [($,<r)]. Moreover, the induced map 
^[(#,o-)l — ^ / or an 2/ choice of representative ($,cr), isomorphic to the natural 
map from the closed stratum o/H$(ct) to A<^\S^k^ : in particular, it is smooth and 
surjective. 

(8) Let ,5^k C be the pre-image of the complement in J5^J? m of the union of the strata 
of codimension at least 2. Then maps isomorphically into J^™ n . Moreover, for 
any p-integral embedding l : (G,X,K) (GSp, S^, K(n)) with which E is associated, 
and for every k £ Z>o, i/ie natural map 

is an isomorphism. 

Proof. As mentioned earlier, everything here follows from arguments in |FC90[ §V.2] and 
|Lan08[ 7.2.3], so we allow ourselves to be somewhat terse. 

As in KEM . we can take J5^ in = P(j^|, [w s ]), for any admissible rppcd E for (G, X, K). 
Then (|2"1) . along with (gXB) and P~ST3"|) . shows that ^ lin does not depend on the choice 

of E. We see from (|4.8.9[) that y^ ln is projective. That it is in fact normal now follows from 
|Lan08l 7.2.3.1]. 

Denote by Zr$i the common image in o5^" n under ^ S of all the strata of the form Zr($/ >0 .ni, 
with [$'] = [$]. Then (|4.8.9p (|3"| shows that the pre-image of Z^j is |J [*']=[$] Z [($V)] ■ 
sertions (JSJ) , ([S]) and (|7J| now easily follow from the arguments in |Lan08[ 7.2.3.5,7,13]. In 
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particular, we find that 5?k (the union of the strata corresponding to the improper cusp labels) 
maps isomorphically onto an open dense sub-scheme of o5^ m . 

We still have to show assertions ((2J, (|3|) and (|4]). The first part of ([3]) is clear: there is at 



most one map §^ : — »■ J^ ln extending the identity on 5?k, and we have seen in (|4.8.9|l 
that there is at least one such map. As for (|5J), the arguments of |Lan 08 , 7.2.4.1] show that 
\C) to be the class of {§ ) w(i) s (the main point is to show that this latter 



sheaf is a line bundle), for any E associated with i. That (<£ S ) * [w mm ] = [w s ] is now clear from 

Assertion Q is clear from the description of §^ as a Stein factorization above. 

As for (J5J) , the first part follows from (|4.8.9[) (l4"1). which shows that =5^ maps bijectively onto 
its image. It maps isomorphically because the map / E is proper and because is normal. 

The second part about the extension of sections of the Hodge bundle is now deduced in the 
standard way; cf. |Lan081 7.2.4.8]. □ 

Remark 4.8.12. When G ad does not admit PGL2.Q as a simple factor, S^h — S^k-, and 
(|4.8.1ip ([8|) gives us Koecher's principle for sections of powers of the Hodge bundle u>(i). 

Remark 4.8.13. It is possible now to repeat the arguments in |Lan081 §7.3] to show that, 
whenever the rppcd E admits a polarization function (cf. |Lan081 7.3.1.1]), S^B will be the 
normalization of the blow-up of J^jp in along a very explicit sheaf of ideals: in particular, it 
will be a projective scheme. We do not go into the details here, since our construction already 
gives projective toroidal compactifications of for free: We only have to choose a p-integral 
embedding (G, X, K) (GSp, S ± ,K(n)), and then we are free to choose any projective, smooth 
admissible rppcd E' for the Siegel Shimura datum. The induced rppcd E for (G, X, K) will be 
automatically projective, and the compactification 5^ will also be projective, since it is finite 
over the projective compactification / n \ ■ 

Proposition 4.8.14 (Hecke action). Suppose that we have a p-integral embedding (i,g) : 
(G, X, K) <-i (G',X',K') of unramified-at-p triples of Hodge type, as in {J^.l.J^ . Let E = 
E(G,X), and letv\p be a finite prime of E. Then there is a unique map [gYx\i '■ J^jp n — > S^™* 1 
of &e,(v) -schemes extending the Hecke map [g\K',K ■ -^k — > &K 1 an d enjoying the following 
properties: 

(1) For every [$] e Cusp^-(G,A), [g]™ 1 ^-/ maps the stratum Zr$i into the stratum Zr$/i, 
where [$'] = (t,p)*[$]. 

(2) For every [$] € Cusp^(G, X), the restriction of [ff]##7 to Zr$i is isomorphic to the 
natural map A^Xj^, — > A^iKS^k' of quotients of integral canonical models, where $ 
is a representative of [$] and <&' = (t, 17)*$. 

(3) Given a p-integral embedding l\ : (G',X',K') <^-» (GSp, S , K(n)), we have 

{[9\k,k>) U \ L V 
Proof. The uniqueness of such an extension is clear. We only have to show its existence. 
Choose any admissible rppcd E' for (G', X', K'), and let E be the induced admissible rppcd for 
(G, X, K). We claim that we have a commuting diagram 
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Here, [ff]^'^/ is the Hecke map from (14.7.41) . This claim is enough, since all the claimed 

properties of [fl 1 ]^ 1 "r-/ will now follow easily from the corresponding properties of [g]^'^-/- 

To prove the claim, we have to show that the composition $5, °[g]^-'^v factors through § K , 
but this follows from (|4.8.11|) ([^|). □ 
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